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ski (1950)), consisting in a Green-function frente of the field equa- - 
tions. In the first paragraph we shall explain this procedure on the 
example of a charged scalar field interacting with a given potential. 
In the second paragraph we shall search for a statistical interpretation 
of the solutions of the field equations. 

The extension of the results obtained for the Klein-Gordon equa- 
tion with a given external potential to equations of higher order is 
possible so far as the Green-function treatment is applicable. The - 
extension to two (or more) interacting fields offers no problem. 


§ 1. The Klein-Gordon Equation 


The charged scalar field y(#), p*(#) interacting with a given. 
external potential g(a) satisfies the equation se 


rib Peal ee | a): 


where the simplest form of interaction is assumed; g is a small coupling 
constant, «=(#,) a point of DŻ: -time. For specified points we shall “a 
often write 1,2,... instead of x’,x’’,...; y* satisfies the complex conjugate | A 
equation to (1) Sh jg identical ait (1) if we assume ¢ to be real. 
With help of a function Gg) of two points + and 2 tia oe 


(ili —nż— gph 4(12)= wr. 
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The function G(12) may easily be expressed as an expansion 
in powers of the perturbation gp by means of a function GO satisfying 
the following equation 


(O—m?),G(12) = 6(12). (6) 
Indeed, writing 
2)= > G(12), (7) 


putting this expansion into (2) and equating terms of the same order 
in the coupling’ constant, we get, apart from (6) in the lowest order, 
the formula 


(Ci m?) GeFO(12)=go(1)G(12), n=0,1,2,..., (8) 
or integrated with help of (6) 
Go+V(12)=g [ GO (12) 9(3) (32) dtes, n=0,1,2,..., (9) 
Introducing (9) into (7), we get the integral equation 
G(12) = E( (12) +9 f G (13) y(3) G(32) d4a,. (10) 


It is convenient to specialize formula (5) for a hypersurface consisting 
of two hyperplanes t=# and t=ń4 (tj>#,>t{) and an arbitrary 
timelike hypersurface connecting those hyperplanes at infinity. There 
is no contribution to the integral (5) from this timelike hypersurface 


as G(12) vanishes exponentially in spacelike directions. (5) becomes, 


therefore, simply j 
2)= f y(1’) SPEO Gaj — fya”) 1”).X,(1")G@(1"2) day. (14) 


Introducing (7) into (11), we get an expansion for the solution of (1) 


y(2)=_> y(2), (12) 
n=0 : 


with 


0(2)=[y(1) X4(1) GO (1'2) dai — | yl) X,(1")@e(1"2) day. (18) 


Now, as boundary function we take the function 


p(pa)=p(p)e with pt me, (14) 


which is the solution of the unperturbed Klein-Gordon equation 


R (D=m*)y'=0 i (15) 
i i 
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G js expressible in terms of the given potential p and GO by means 
of (9). @ may be represented by a Fourier integral 


je EC 一 由 ro 
(22)4 J k—m> 


G0(12)= dtk, (16) 


as is immediately seen by introducing (16) into (6). 


> 
The integrand in (16) has two poles at y= eV em For 
a unique solution of our equation (1) we need an unambigous prescrip- 
tion how to circumvent those poles. Such prescription may be settled 
up with help of the physical interpretation. Indeed, using (14) and (16), 


we get 
¥.(1)@ (12) @Ba,—= me 0(2) ENTE 5 i (17) 
pL) X,(1)60(2)B4,= 5 (2) | 77 dig 


If we assume that there are only waves with positive energies, (p,> 0), 
we get the result that in the case of no external field (p=0) the state 
at the point 2 depends only on the boundary values either on the past 
or on the future hyperplane, according to whether we pass the negative 
pole k,=—p, in the lower or in the upper half of the complex k,-plane. 
To fix the ideas we take the path of integration in the lower half plane 
so that the operator X,(1)G0(12) propagates plane waves from the 
hyperplane tt, towards the future points t4>ł, only 


wf) >-for 0251 
v0(1) X GO(12) da z | (2) ZĘJACE 4 


To account for virtual pair production and annihilation we must 
have G(12)+-0 for t,>t, and for t,<t,, which is evident from the 
physical interpretation given by Feynman (1949 a, b). It is possible to 
satisfy this condition by letting the path of integration pass the positive 
pole in the upper half of the complex k,-plane..Thus the whole: path 
of integration is fixed and @(12) is uniquely determined. With G(12) 
so defined we have the other important result that the complex con- 


jugate function to (14), again with p,>0, is DEOEBE ated backwards 
in time 


0 fora, She: 
0* 1)X 1)G0 1, dè = 2 1 
fy ( (12) aa, Sugita pees ta eee (19) 


Finally, G(12) is Symmetric in 1 and 2 


(192) = GO (21), | (20) 


~ 
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as is seen immediately from (16) or from the fact that both @(12) 
and G©(21) satisfy the same conditions (18) and (19). This has the 
consequence that G(12) is also symmetric 


G(12)= G(21), (21) 


as may be shown by induction. 

Now we may proceed to express the solution (12) of (1) in the final 
form. First of all the lowest approximation becomes, with help of (18) 
and the assumption of plane waves (14) at the boundary, 


yO (2) = | p(1’) X4(1')@(1'2) aj = y2). (22) 


To put the n-th approximation in a simple form it is convenient to 
take the limit 太一 一 co and t1—>-+oo, which corresponds to the phys- 
ical problem of an incoming plane wave scattered in the external 
field p into an outgoing plane wave. In this case (13) becomes, in 
virtue of (18), (19), and (14), 


y0(2)=g] dtasy%3)q(3)Ge-(32). -_ (28) 
Thus, by (12) and (21). 
_ y2)=v'(2)+y f G(23)p(3)y'(3)dta,. (24) 


Analogously for the solution of the complex conjugate equation of (1) 
we get under the assumption of a real p 


y*(2)=p'"(2) +g | dargy*(3)9(3) @(32). (25) 


Jt is understood that in (24) y? represents the incident and in (25) - 


the outgoing plane wave. Thus we have expressed the solution of (1) 
by incoming or outgoing waves and their derivatives. The normaliza- 


tion factor yp) in (14) will be determined in the next paragraph. 


s ; : © 
(24) is not the most general solution since the given values of y and a 
- r p. à [42 


on the boundary are not quite independent and furthermore of the 
special form (14). This corresponds, however, to physical reality where 
we have always plane waves for t=-oo. Otherwise there would be 
no collision for finite t. - 


| § 2. Statistical Interpretation 


S quantum-statistically as is always done in the case of Schrödinger’s 


In (24) and (25). we have a special type of solution of the Klein- 
_ Gordon equation (1) and we should like to interpret this solution 


o: Let us, e. g., ask for the probability DP that the ` 
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incident wave y*(p,«) is scattered by the external potential g(x) into 
the outgoing wave »(p,%). 

Consider for a moment y as the solution of a Schrödinger equa- 
tion. Then we should argue as follows: The solution of the perturbed 
Schrödinger equation, y(p,”) say, which is determined by the incident 
wave y%p,0) at t=—oo may be in general expressed on a hyperplane 
€= const. as a superposition of plane waves with constant coefficients. 
According to the usual interpretation of the solutions of Schrodinger 
equations, the probability amplitude to find in a measurement the 
special wave y"(paw) is then equal to the corresponding expansion 
coefficient 


J pwya) Ba. (26) 


In the case of the Klein-Gordon equation such an interpretation 
is impossible, since the solution depends not only on the boundary 
values of y but also of the boundary values of its derivatives. However, 
for the special type of solution obtained in the first paragraph (equa- 
tions (24) and {25)), we may easily generalize the above procedure 
applicable to Schrédinger equations. We assume namely that the 
transition amplitude in question has the form 


Apa) > v(pa)]= f Y™ pax") Yia" yla) Ba". (27) 
This form differs from (26) only by the appearance of the unknown 
operator Y(x). y(p.x) is the outgoing plane wave and y(p,x) depends 
linearly on the incident plane wave y°(p,#) by means of formula (24). 
As in (26) the linear dependence on the initial and final state is ne- 
cessary in view of the linearity of quantum theory. Thus (27) seems 
to be the most general assumption consistent with the principles of 
the theory. 

The unknown operator Y(x) may easily be determined by a sym- 
metry argument. Indeed, the same transition amplitude can be written — 
in a different way by means of (25). Here the outgoing wave Pp s) 
at t= --oo determines the solution y(pąz) for finite t and the amplitude 
that it was just y(p,v) may be written WA 


SRA l= | v'(par') YE paw Ba”, (28) 3 


with Y’ another unknown operator. (27) and (28) must be identical | 


in the limit 万 一 co) t->—oo. In virtue of (24) and (25) this identity a 
_ becomes i na 
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[Bay (py!) ("yp") 
+g | dz] | Ba” yip a") Y (a EM\x"'3)} 463 )p%(p13) 
+g f doydia,| | Pa” yl pw”) V(r") GO(2"3)|p(3)6(34)p(4)99(p,4) 
= | Paypas Y'a la’) 
+g | Bezy*(p,3)9(3)| f GOBGJTY (W)y(pya' dza) 
+g f dta, dar, y*(p,3)p(3) 6(34)g(4)| f GOALE w pada’, 


Since (29) is satisfied for arbitrary y(p,7), v*(paw) and g. (g must be 


quite small), it follows 
Y(s)= Y (x) (30) 


JBa'y*(pza") Y(a') GO(0'3)= const. y*(p,3) 
(31) 


[Ex y(p,0') Y(a') GO(w' 3) =—eonst. y(p,3). 


In deducing (30) the fact has been used that the first terms on both 
sides of the identity (29) do not depend on time. (31) must be satisfied 
for arbitrary zs, which is true, in the limit 万 一 co) t'—>— oo, if we put 


> 5 
Y(x)= XX) =z — 95» const.=—1. (32) 
Thus we have finally found the transition amplitude for the Klein 
Gordon equation to take either of the two forms 


AL yp) > plp) = lim | ype) X (wyl pa) Be 
(33) 
siĘ foi (pæ) X4(x)p(pyw) Par, 
给 十 co 


where »(p,«) is given by the boundary values (px) at a hyperplane 
t=— oo and y*(p.%) by y*(p.x%) at t= +00. 
We may now normalize the functions Yo in such a way that the 
= unperturbed transition amplitude (p=0) is zero if p(p,)+ ype) and 
has the modulus unity if p(p,)=y%(p.). For this purpose we calculate 
the first term in (29) using (14) | 


| > > 
3 0 for pı#p 

fe (per) Xlajy(p10) Ba = Sani WBA 
| —2ip,y(p)PV P= Pa =D. 
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To fix the ideas we have used a finite V and, therefore, a discrete 
spectrum of waves. The normalized functions are now (14) with 
1 
wD = (35) 
aa V2p.V 


The transition amplitude becomes finally, in view of (29), (31), and (35) 


Ay (pi) > plpa) ]=— 40>>— 9 J day (par) p(X) plpa) 
Pı P> > 
(36) 
=— 10—g | Ury*(paa) 9x) y(p12). 
Pı P2 x 


Rae aa > SER a REC A - 
Here 6,,=1 if p,=p, and =0 if p+p, In case of a continuous 
P+ P2 
spectrum a ô-function should be used. 


We may note that (36) has not the covariant form of (24) or 
(25). This is caused by the non-invariance of the definition of the 
transition amplitude and the resulting non-invariance of the normali- 
zation procedure. However, the physically important second terms 
of both forms of (36) become relativistically invariant after multi- 
plication with V(p1)a(Po)s ©: g. 


—g Vp), | Ery? (po) g(a) yon) Vp: (37) 


This fact is well known from the theory of Heisenbergs „„S-matrix*. 

The form of the operator Y(#) in (27) is not at all surprising if 
we compare it with the expression for the charge density which is 
proportional to 


y*(æ) Xæ) y(x). (38) 
There is the same relation between charge density and transition 
amplitude for the Klein-Gordon equation as for the Schrödinger equa- 
tion. We may call, therefore, (38) a probability density. A factor ż is 
necessary to make it real. 

The above method may easily be applied to equations of any 
order so far as the Green-function treatment is applicable. Thus 
a quantum statistical interpretation for those equations is possible 
without field quantization. In the case of two (or more) interacting 
fields either of the methods used by Feynman (1949 b) or the present 
author (1950) may be directly applied. 
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FIELD THEORIES WITHOUT DIVERGENCES 


By Jan RZEWUSKI, Physical Institute, Nicholas Copernicus Uni- 
versity, Torun 


(received October 13, 1950) 


In this paper a quantum statistical interpretation is given for the extended 
source theory of Peierls and McManus. It is shown that by use of this theory only 
the electron self-energy is made finite. To remove other divergences it is necessary 
to average the extended source Lagrangian with an appropriate weight factor over 
the mass of the electron. Higher order equations are discussed and it is shown that 
for any neutral field they are equivalent to the extended source theory. For charged 
fields they lead to non gauge-invariant results. In general all physically interesting 
possibilities seem to be already contained in the Lagrangians with first order de- 
rivatives of the fields. Z 


Introduction 


It was shown long ago that the difficulties in classical electro- 
dynamics connected with the infinite self energy of a point charge 
may be removed by introducing extended source models instead of 
assuming-a point electron. The earlier theories, however, did not satisfy 
the demands of relativity and, therefore, they could not be taken 
seriously. Recently Peierls and McManus (McManus 1948) presented 


"an extended source theory which is invariant with respect to the Lo- 


rentz group and, therefore, fully satisfactory. 
The difficulties encountered in classical electrodynamics appear 


in a much more dangerous form in any quantum theory of fields. It 


is obvious that at least some of the difficulties are taken over from 
the corresponding classical theory. Quantization of an exteńded source 
model, therefore, should give a quantum theory divergent to a lesser 
degree than the conventional one. Unfortunately we do not know 


as yet how to do this. 
Feynman (1949 a, b) developed a technique which enables us 


to calculate all effects for elementary processes without use of field 


quantization. This technique is equivalent to field quantization and 
has the same unsatisfactory features in form of divergent expressions 


for various physical effects. One may remove the divergences when- 


ever they appear, and various methods for this end have been developed, 
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e. g., by Stueckelberg (1948), Pauli and Rayski (Pauli and Villars 1949) 
and Feynman (1948). Every procedure of this kind, however, remains 
unsatisfactory so long as it cannot be derived from first principles. 

In this paper Feynman’s technique is applied to the extended 
source model of Peierls and McManus. In this way one can get a quan- 
tum statistical interpretation of a divergence-free classical theory 
without use of the concepts of field quantization. The interesting 
result of this procedure is that only the electron self-energy becomes 
finite 1. The photon self-energy and all vacuum polarization effects 
remain unchanged. To remove also those divergences another gener- 
alization of the Lagrangian is introduced, consisting in averaging 
over the mass of the electron. It corresponds to a method of regular- 
izing quantum electrodynamics due to Pauli and Rayski (Pauli and 
Villars 1949). 

A third type of generalization of the conventional Lagrangian 
consisting in considering Lagrangians with higher order derivatives 
of the fields is discussed on a simple example in the last section of this 
paper. It leads to no essentially new results. In fact it is shown that 
higher order equations for the electromagnetic or any other neutral 
field are equivalent to the extended source theory. For charged fields 
convergence factors are obtained which spoil the gauge invariance 
of the theory. They are applicable, therefore, only to meson theories. 
Since one may obtain finite results by use of the first two generali- 
zations, it seems that all the physically interesting possibilities are 


already exhausted by Lagrangians with first order derivatives of the 
fields. 


1. Field Equations 
We start with the Lagrangian 


De blige Lae AB 
where 
十 co 
Ly= | GiV—m)y-ox)-de (4=m), (2) 
1 dA, OA 
Lam GB eBoy Puma ts @) 


十 ca 
Lyn=—e | | F(a—a')pA'p:o(x) dadia 


=—e | Pyupolx)dz: | Plw—a') Au(e')dtw. 


1 This agrees with an earlier result by Feynman (1948 a, b) who quantizes 
in the conventional manner a classical cut-off prescription (see also end of Section 2)..4 


SOBA CA 
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The dash on a symbol denotes that it is taken at the space-time point w”. 
In the whole, apart from small differences, Feynman's (1949a) no- 


>) 


tation is used. In particular V=y, 


78 and A=A_y,. 


(3) is the usual Lagrangian of the electromagnetic field in vacuo. 
(2) is the sum of the Lagrangians of free electron fields corresponding 
to different constants x. Each term of the sum is multiplied by a weight 
factor o(x). x simply numerates the field functions y(#,~) and we 
consider the y’s corresponding to different xs as independent. This 
departure from the usual form of the Lagrangian is necessary, as was 
already mentioned, to made all effects of electrodynamics finite. How- 
ever, we wish to have the old form of the Lagrangian as the (not always 
allowed) limiting case of (1) and we put, therefore, as the first con- 
dition on o(x) that it must go over by some kind of limiting process 
into the function ô(x— mê), where m, is the mass constant of the actual 
field. This kind of function was widely used by Stueckelberg (1948), 
Feynman (1948 and 1949 b) and especially by Pauli (1949) in his regul- 
arization procedure. i 

Another departure from the conventional theory, mentioned in 
the introduction, is made in the interaction term (4). It corresponds 
to the relativistically invariant form of the extended source theory 
given by McManus (1948). It may be worth mentioning that with 
equal rights two other forms of interaction could be taken, namely 


—eA(a) | | Baa") p(x’) pupa"): olx) derdia (5) 
or 


—e | [ Flc—a')p(a') A(w')ylw'):o(x) dz dta. (6) 


However, (5) is equivalent to (4) since after integration of L over the 
variables æ the two points # and æ’ may be interchanged. On the other 
hand (6) is equivalent to the point source theory, as may be shown 
by actually deriving the field equations. It is sufficient, therefore, 
to consider the form (4), which goes over into the conventional form 
of interaction if we replace F(a—ax') by 6@(a—z2’). 

The principle of relativity, which is automatically satisfied in 
the x-integration (x= scalar), demands here that F be invariant and 
therefore a function’ of the invariant (w—2’)? only. A detailed dis- 
cussion of this function is given in the paper by McManus (1948). 

The Lagrangian (1)—(4) is invariant under the group of trans- 
formations 


3 
12 Jan Rzewuski ; 
AlL) 3 

Apa) > Aula) + = j | 3 

y(«) > exp | — ie f Flea" Aw!) dta] yla) (7) 73 

p(w) > exp} + ie f Pl(e—a' | A(@')d4ar'\ p(x) 4 


induced by a scalar function A(x) satisfying the equation 
© Ala) = (8) 


and the boundary condition A=0 at the boundary of the domain | 


considered. To see this we notice that (2) and (4) after the transfor“: 
mation (7) differ from the old from by the term 


aie 9 AC r / | ŻE | / 94 ; , 
eprav | File a’)?| A(x’) dta’ — ep yuy f Mea asa 
z, a 
Ba ð : , i , Fi : zę 
=—CYYyuy E zw AFi(a—«'7] A(a')) die eae | 
4 (3) remains unchanged because of the gauge invariance of the field 


 strenghts Fw. We may notice that the group (7 ) becomes the con- 4 
es ventional one RE we ROR Fi(a—wv u by Sa ©). The *integrabion 


AN POETĘ wę, j 
Akan iihi: TOREN TETS. 


s from the principle of stationary action 
ô [ Ldia= 0. 


CY BN Ling equations following from Or with | the speci l 
De for L are X 


Aw 


mone fm (0—2 ea 


| $ (I$—m 
EU (V+m)=eg" [ne 
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means that y(x) interacts not only with the potential A at the same 
point # but also with potentials in other points of space time. Po- 
tentials are favoured in those distances (x—w') for which F is large. 
(12) means that the potentials depend on sources extended over the 
whole space time with a weight factor F[(x—a')?]. These extended 
Sources are conserved as 


ef Pl (a— 2x2]: ye yup): olx) de dw" 


Lu 


=e f T f [0—2] 5 ple") yula’) ale) de- dua =0. 


Now we have to solve the equations (10), (11) and (12) and to 
interpret them quantum statistically. 


2. Transition Amplitudes 


Let us consider first an electron field interacting with a given 
external potential. As we suppose to know the function F, the problem 
reduces to the solution and interpretation of the equation 


nm 


(iV—m)y=e4:y (14) 
with 
= J Fie w] A(x) dów” (15) 


a known function of space-time. This problem was solved by Feynman 


(1949 a) in a way specially convenient for our purposes, which con-~ 


sists essentially in a Green function treatment of equation (14). 
The solution y of (14) may at an inner point of a space time 
domain be represented by the boundary values of w: 


=f KO ) p(2) do, (16) 


with help of the solution K(12) of the equation 


Here N=N,„yu, Nu is the unit vector normal to the boundary, 
` dw, the element of the boundary and the suffix 1 in (17) denotes that 
the operator operates on the variable 1 only. We often denote points 


to the spinor variables and a toi of the two points 1 and 2 — the 
Green funetion of the Dirac Ro: It may be. represented as an 


- (GV—m—e A), K (12) =16(12). (17) 


of the space time by numbers 1,2,... K(12) is a matrix with respect 
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expansion in powers of the coupling constant e which we assume to 


be small 
=> KV AŻ), (18) 
where 
K(12)=—i | KO(13) A(3) KO-9(32) dia, (19) 


and K®(12) is the solution of the unperturbed equation 


(iV—m), K(12) = 16(12). | (20) 


The Fourier transform of K® is obviously 
KO(2)= rz fae (21) a 
1 (daj oP Sa Ox ne AE | 


There are two singularities of the integrand at => +m. To S$ 
account for the hole theory the integration path must be chosen so 
as to pass the negative pole in the lower and the positive pole in Ra £ 
m. upper half of the complex k,-plane. 
Ron Assuming for conveniency a particular boundary Aeneas of 
i -two hyperplanes t=t and t=ty and a timelike hypersurface connecting — 3 
, those planes at sey, we may write Ble) in the form 


> 


y= K( 12) By(2") Bay — | KO2")Byle") as, See (22) | 


where ty>t> tę. To fix the ideas we assume a free wave y\po)— k 
gł =y(p)e—”* with positive energy (p,>0) at t=t and no waves wi hs 
Becca yes SSM at t=tz. In this case (22) becomes _ "Sr sg 


BY wlpl= J K(12' iy?) aoi voni if ran Zyta, 


re where the second eq ality is e it eithe 
"The letter p indice 
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Still (25) corresponds to a certain x whereas the Lagrangian is averaged 
over all x. We must therefore also here take the average and the 
transition amplitude becomes finally 


AW) > v(p = | e(o) dee (Pop) By pa) Ba—i (popra) A (ayy poder 
H(i S SPP A(1) K(12) A (2)y(p2) din dte. (26) 


Blow RES 


Having thus solved and interpreted the problem with a given: 
external field we may go over to the problem of the interaction of 
two waves. Then instead of an external field we have a field produced 
by a second wave. To find this field it is convenient to use a method 
described by the author (1950 a) at another place. One considers 
a first order transition of two waves y? and y? between the states 
(pi), YSP) and p( pz), pe(p4)- First order transition means that each wave 
is once scattered in the field of the other wave (Fig. 1). It is shown 
by a symmetry argument that to the transition amplitude }(ps)—>y°(p,4) 
with one scattering ih the field produced at 2 by the transition 
w0(1)—>%9(P2) there corresponds a current amplitude 


ef f ETP, 2) V suth (Ps2) Ole) Ax dta, (27) 
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where x3,=(#,—4,)*. This current amplitude produces at 1 according 
to (12) and (15) a field 
i=ef [ | Flaż,) GO aoc 


一 n Go(12) P,(P,2) Vou PO(g2) 0%) Ure Airy, (28) 
where i 
GO(12)= | fr F(a?) @ (34) F(aż,) dtr, dta, (29) 


Pi, ; 
60(12)— a, | Ga at (30) 


and 


ae -is the solution of the equation 
oa Safe FO. (12) 602 ony (31) 


Here again we have singularities of the integrand at k,=-E|k| and we — 
may choose the integration path according to whether we wish or 
| "do not wish to introduce advanced potentials. We shall not discuss — 
==, this question here. = 
y The amplitude that the wave y?(p,) after one wee. by the 

potential (28) gets over into the state y$(p,), that is the first order — 

amplitude for the transition v2(p,)—>%2(P4) and YSP) YSP) under 
the influence of a mutual interaction, is, according to (26), i S 


ee Val Py) > Pa(P à 
: 7 AO "tii somone S S rata Js ZJ ole) de 


xGo SA a W RR > gi ay 
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and yp (px) = yp) e—”*, where yp) is a suitable normalization factor. 
With (30), and (33), (29) becomes 


1 Fk)? 
G02)=7 [| val e the dsk. (34) 


It is readily seen by actual calculation that there are the fol- 
lowing elementary amplitudes in momentum space: Interaction with 
the electromagnetic field is described as before by the factor y,. Pro- 
pagation of a free electron of momentum p has the amplitude 


1 
p—m’ 


propagation of a free quantum of momentum k the amplitude 


Ca A 
CE a 
The matrix element of the whole amplitude is taken between the initial 
and the final states. One averages with the weight factor o(x) over 
the mass constants of each separate chain of electron wave propa- 
gation factors closed in itself or by a pair of spinors p®, y®. Finally, 
integration over all arbitrary (not determined by the initial and the 
final conditions) energy momentum four-vectors is carried out. 


We see that the extended source model adds a convergence ` 


factor [F(k?)? to each amplitude of propagation for a free electro- 


magnetic wave. This may be considered as another proof of the equi- 


valence of Feynman’s (1948 a) classical cut-off prescription with the 
theory of Peierls and McManus. The averaging over the mass con- 

stants x gives a convergence factor o() for each cycle of propagation 

amplitudes for free electron waves together with the pair °, y? at 
the ends if the cycle is not closed. Each separate propagation amplitude 
for electron waves remains without convergence factor. It seems 
impossible to introduce such factors without spoiling the gauge in- 
variance of the theory (cf. Section 4 and Feynman (1949 b), see 
especially Section 7 of his paper). 


ee Ss n I La | 


3. Self energies and vacuum polarization 


In Section 3 certain current vectors or simple. sources were in- 
‘troduced corresponding to first order transitions of a free complex 
wave between two states. This procedure may be generalized for higher 
order transitions where tensor currents or higher order sources may 


Acta Physica Polonica 一 a ‘ 2 


= (35). > 


the photon lines in fig. 3 must be replaced by the SBE potentia 


= m With this replacement the double current (37 ) becomes a simple c curre 63 
A and gives rise to a in : aS 
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be introduced. E. g., to a transition %*(p) > y(q) with two scatterings 
in the field of a second wave there corresponds the double source . 


e | [ F(aż,) F(aż,)- s: P12), K(21) y,y(p1) o(x) dx:dte, dia, (36) 


(fig. 2). One sees that there must be also sources corresponding to 3 
closed cycles (Feynmans closed loops) which give account of creation 4 
and annihilation of the same pair of particles. E. g., in the lowest — 
order we have creation and annihilation of a pair without scattering, | 
which obviously must give rise to a double source (fig. 3) 2 

¥ 


e [ [ F(aż,) F(a): f Sp EO(12)y, KO(21)y, e(x)dx:dsa,dsa,, (37) | 


where the spur comes from the fact that any of the four combinations 3 
of spin and energy is possible. The closed cycle Dictured in fig. 3 con- k 
sisting of electron amplitudes only has given rise to the worst singu- 
larities in quantum electrodynamics as, e. g. in the case of the pola- - 
rization of the vacuum or the photon self-energy. Our Lagrangian 
(1)—(4) leads to expressions for these effects containing convergence 
factors which may be chosen in such a way as to remove all infinities 4 
from the theory. We wish to describe this shortly. — - ‘ 4 

‘In the case of vacuum polarization by an external field one of S 


AR (a) =A$"(g) 67". SĘ a] 


一 
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4 


The conditions (41) become now 


247% D> mże,=0, 2 |mż| c,=0. (43) 
The limiting process g(x)—>0(x—mó) mentioned in the first Section 
may be described by m> coo. for i=1,2,. l 
Similar expressions are T for the- photon self- na ` 
Here the double current (37) produces a double potential 


Aw(34) =e f f 60031) Gora) SP SpK (12);, KO(21)y,o(z)du ddr) 00 
(44) 5 20008 
which after transition to denice ntti space becomes o RAB 


A (34)= am Ed CE 一 9xss 。 s 3 a 


4 4 RE 
SS 55 BE, m peelad ee mg RSA 


This expression contains the same factor as (40) and therefore is finite - Ao. > A 


“under the same conditions (41). sary 
As a final example we aden: the self 4 energy of an electnen ce San 


(fig 4) which in momentum space is given by the expression 


zę > inf foo "p= 二 De — DE ak. = (ee) 4 


~ 


This integral can be made finite by a suitable R of FU). The 
e vera ing | D x is not BEC and we. ' may go over- to the limit - RA 
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in the case of (42). These fields, however, do not have any real meaning. 
In fact it was shown by Schwinger (see Pauli 1950) that it is impossible 
to remove infinities of the vacuum polarization type by the use of 
realistic auxiliary fields. 

The gauge invariance of the theory is guaranteed by the gauge 
invariance of the Lagrangian. However, the results obtained in this 
Section correspond to approximate solutions of the equations (10), (11) 
and (12) and therefore their gauge invariance should be demonstrated 
directly. This is easily done as was shown by Feynman (1949 b). The 
game concerns current conservation. Thus gauge invariance and current 
conservation are satisfied for each of the approximations separately. 

The succession of integrations is quite arbitrary. In the cases 
where one of the integrations yields a divergent result as, e. g., the d4r 
integration in (40) one can take a finite domain of integration and 
after evaluating all integrals proceed with this domain to infinity. 
Since the result is finite this is always possible. 


4. Higher Order Equations 


In the preceding sections we have obtained the result that by 

a suitable generalization of the conventional Lagrangian one gets 
a divergence-free theory. The generalizations used there seem to — 

exhaust all the possibilities for Lagrangians containing first order 
derivatives of the fields, since there are no more constants. over which 
one could average and there is nothing more to be extended. On the 
other hand, there is no need for new generalizations at least in electro- 
dynamics. There remain the Lagrangians with higher order derivatives. 
Such Lagrangians have been discussed widely in the literature. Re- 
cently there appeared a critical paper by Pais and Uhlenberg (1950) — 
discussing in detail all aspects of this problem. The results are rather 
negative, mainly because of the appearance of negative energy particles. — 
In spite of that we wish for completeness to describe shortly a method — 
of attaching quantum statistical interpretation to higher order equa- — 
tions and to compare the results with those obtained for the Lagran- — 
~ gian (1)—(4). As an example we take the case of a charged (y, y*) and — 
a neutral (w) scalar field described by a Lagrangian containing second — 
order derivatives of the fields. The most general invariant form of 

such a Lagrangian is 

55 Dy” ; oy Jdy* 
IE Sago; da) 0, 
z Bo. Iy a z > 


一 -一 -一 
— — 一 -一 一 
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ee 
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We have assumed here the simplest case of interaction independent 
of the field derivatives. To get the physically meaningfull case of real 
masses we choose the constants ¢,...c, in the following way 


ee OD EE AO KO 
e= m Ma, C= Mm, (48) 
` SS 2 2 ETA 

e= Mm; M4, a= mmi. 


; The equations following from the principle-of stationary action with 
(47) as Lagrangian are 


(C—m?) (0—m2)v=gęy, (2—m4) (21—ms)y*=goy*, (49) 


(O—m)(B—m2)p=gy*y. a (50) 


WAŻ WA W 


"We first solve (49) considering p as a given external field. y may be 
expressed by its BAI values on a surface consisting of two hyper- 


` planes t=t{ and t=4 and a timelike hypersurface connecting those 
p at infinity: AOC 23 E : RACER AR 
= ` =) 2 
v2) =f vt) X01 1802) ab f yl’) Xa") Gola 2) aah, (51) ; 
where SĘ RZE A AR 
- 88 zw jk 

38 ee zi h 2 

3 二 人 a) 8 ae) ZĘ (62), 


= 


“(=m (=m 0,02) 6 (18) 0012). 


cioa te solutions of Sa Z N ŻA order t | 
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It is not determined uniquely since the integrand has four poles: two 


at aly R and two at k, = Bpm. "ro secure uniqueness 
we choose the path of integration so as to pass the negative poles in 
the lower and the positive poles in the upper half of the complex 
k,-plane. This corresponds to propagation of free waves (no interaction) — 
with positive energy by means of (51) forwards in time and their 
complex: conjugates backwards in time 


UO eae RE 
Jv) X40) 6P02) Ge, = | ke” 


a | oe z 0 > 
P 0* - (0) ) 3, = ais >> 2 1 
6 Je*0)X,0)G702) Ba, | Spee) 2 te 


where y%a)=y%(p)e—”* with p?=m? or p?=m2. This choice of the ` 
integration path is also o ey to. account. for creation and anni- 
hilation processes. ` = 

Putting (55) into (51), v we get with incident Re waves-a8 boundary ， 
values at i=—oo 


le) 2) +g [6,(28)9(3)y'(p3) ata, SA j 


|. As cross section for a transition UA >y P(pa) we define the | 
quantity : 2 je 1 mogł 


= 


AP > (p2)]= J wips) Xe) ypa) da. 


This is a straightforward. eenetalization 证 a method of ascribing © (o 
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These results enable us already to discuss the merits of higher 
order equations in relation with convergence factors. From (57) and (60) 
one sees that the propagation factor (k2—m?)— corresponding to the 
Klein-Gordon equation gets the convergence factor (KŻ m2)-1, For 
equations corresponding to the operator 


[1 (am?) (O —mè) | (64) 
this factor would be 

II REWA U (65) 
Finally, for equations containing 


f(O)(G—m*), (66) 


where f(x) may be represented in form of an expansion in powers 
of x the convergence factor is 


jay. (67) 


Taking these results over to electrodynamics, we see that for photons 
the extended source theory is equivalent to higher order equations 
if we put (cf. (35')) 

ENES fle?) (68) 


We get nothing new therefore taking higher order equations for the 
electromagnetic field. 

Higher order equations for the electron field would give con- 
vergence factors for each of the amplitudes (35) separately. This, 
however, would spoil the gauge invariance of the theory. 

On the other hand the extended source model for meson theories 
gives e. g. in the case (47) a convergence factor for the propagation 
amplitude of the neutral field. Since the meson theories are not gauge 
invariant one may choose two methods for introducing convergence 
factors for the amplitudes of charged fields: Either the method of 
averaging over the masses with an appropriate Weight factor or the 
method of considering higher order equations. 
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ON FIELD THEORIES WITH NON-LOCALIZED 
INTERACTION 


By Jerzy RAYSKI, Department of Physics, Nicholas Copernicus 
University, Torun 


(received April 4, 1951) 


It is shown that a method of direct quantization of field equations (com- 
pletely avoiding the canonical formalism) is applicable to a wide class of fields with 
a non-local interaction. In Section I the extended source theory of Peierls and McMa- 
nus is quantized and discussed. The S-matrix is computed by the method of 
C. N. Yang. A general rule for an immediate transcription of the traditional S-matrix 
elements into the new form is given. In Section II another type of a non-local in- 
teraction is discussed and it is shown that all the usual convergence difficulties may 
be easily avoided if we give up the strict localizahility of charge, energy etg., and 
if we abandon the postulate of gauge invariance of the second kind. This is acceptable 
since it is possible to guarantee the integral conservation laws without the continuity 
equations and to secure a vanishing photon rest mass by other devices, not necessarily 
by the formal gauge invariance. In the limit 4 > 0, where 4 is a fundamental length 
the discussed field theory goes over into the traditional quantum electrodynamics. 


I. Quantization of the Peierls-McManus Field 
_ Let us discuss first the field described by Peierls and McManus 


(1948) with the following Lagrangian 


L=LO EL, (1) 


where L® is the usual Lagrangian for the electromagnetic and spinor 
fields without interaction, while the interaction part L’ is 


L'=4 | d*a (jula), Aulo), E (2) 
where 
{a,b} = ab + ba, (3) 
while . 
i(w) = | dtu' F(a—«') a(x’), (4) 


where F(x) is a function of the argument æ}. In order to get a COT- 
 respondence with the traditional theory F(x) should be a delta-like 


function 


= F(æ)= J Ekore, zu | (5) 


1 
(27) 
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where the Fourier transform f(ki,,4) is a function of ki and of a para- 
meter 2 with the dimension of length. We may assume e. g. 
1 sę za” 


W= rep © MD 


le 
TERP A 


which both become unity in the limit 4—>0. We notice the aioe 
properties 
f@aka)jsl; (OAH 1, 37050915 


whence we get the identity _ 
A AY (8) 


where the index zero means an unperturbed field obeying 1 the Laplace 
equation 


DAP =o. eS 3 (8) 
The interaction part of the Lagrangian may be also SA as R i 
AŻ 4 S to Tula, Aula} STR Oe 
The Lagrange M are | | 3 Z WNE << 24 
UM mea 和 Sere i 3 


z dm 
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where > : 

; BPSD 1D. sass bs (14) 
4 A„(r)=4g'" (a) + f dia’ Do w), (a), (15°) 
p(a) = yorr(a) + > di dą SE (a— e’) tyky(a'), Aa), (15) 
= = ME adv , rr" 
50=pela) + 5, | dw (Ale, py Sale 二 (15) 

- where Sea ZAC ; l Ae: 
DY _— DA LD, 88448500. (16) 


We may write equations (13°) and (15’) also in the form ił 


. Pete in ee aret ; ; 3 
: A„(2)=4$' (©) + JE dtæ' D'Y (æe—g') Jula’). 


By adding Eogother equations (13) and (onewe get EE 
A, (2) =A9(a) + J trb, Pla! „ac sca 


Cie <u tend od A E N 


wady oif dz tory, ta MISZ (11) 


= ola) +8 af” DE „sle re) Sle eo), i es 


三 一 ， 


where a2, 0, On mean halt the sum of the ingoing and outgoing 28 
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(13) and (15) or the equivalent equations (17) and (19) by assuming 
the usual (interaction-free) commutation relations a ble ingone 
and outgoing waves. The same relations hold for An, y and yp: 


[AO (x), AP («')]=tó, D(a—w'), (207) 
1 y , rr 
人 (2) yO (a= = Sear’), (20”) 


fy (x), yp (x )} as {py (x), p (©')) 


0 „OT = AC) Gln’) = 0 (20 
=TAu (£) (a =A (2) p (x )]=0. 


The commutation relations between the perturbed waves follow auto- 
matically from the field equatións (13) or (15) or (17) which may be 
solyed succesively in a power expansion of the coupling parameter e. 
For the quantization of the field equations it is essential to symmetrize 
the expression for the product of y and A, since these quantities do 
not commute with each other in the case of a non-local interaction. 
We should also use the symmetrized current 


Span es 
Ju= oly. vty: (21) 


Although we do not know the exact form of the commutation 
relations between the perturbed wave functions (as the exact solution 
of the field equations is not known), we may surely find some general 
properties of the commutators or anticommutators. E. g. the anti- 
commutator between two perturbed spinor functions must be a co- 
variant function of the argument z„— zu: 


(wolo), dele} = Vesa") > (22) 


which follows from the invariance of the formalism under space and 
time translations. Hence, for the perturbed wave functions taken 


at the same space-time point 2, we have the same commutations 
relations as for the unperturbed ones: 


UO Sap Veg (23) 


since we may translate the common point %, to the infinite past (future) = 
where we have to do with ingoing (outgoing) waves only. 


K è $ | This last property enables us to prove the validity of the con- = 
=_= tinuity equation for the perturbed current ju. By multiplying (11) — 
3 to the right and then to the left by p, making the same with (11%) 


and y, and adding up the four results, we get 


LN PORE Geer ? ae 
By, MO =— q7al9.(0)9;(0)), A, (2’)] =0 | (24) 


Field Theories with Non-Localized Interaction 29 


since by (23) the anticommutator of two field functions taken at the 


same point is a number and thus commutes with everything. Also 


POR NEC M OF O 


-the averaged current obeys the continuity equation 


ashy =, 4! 

A, fw(%)==0. (24') 
Due to (24) the problem of the auxiliary condition is the same as in 
the usual quantum electrodynamics See 

ð 3 


We may develop the Lorentz condition in a Taylor series and show, 


as usual, that all terms of the expansion vanish (due to (11’) and (24')) 
if the two initial conditions 


ey br 0 = A(t | 26 
zg, oda = Au(r,t)|> = (26) 


are sadstiad. 


By applying the method described by Yang (1950) - we may con- 


struct the S-matrix for the extended source theory. Sinee the ingoing 
and the outgoing waves satisfy the same commutation relations, 


a unitary matrix should SIE BSE the inguine into the out- 


going waves - 
| cz -48 sę PoS. ad 


了 From (17), (19) and (20) we get 
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where 


) 7 rı ¢ (0 / +(0 r AS ay fle 
P= sf fee da Gy (a )y ję (a )} D(a — wv J 


O 
+ p(w’), Saa) yO LAD (a), AO (00. 


g=5 f fave dta” (Ox) ye Saa"), yy (2) ] 


In this approximation the S-matrix is obviously unitary and 
differs from the usual one merely by the fact that every A, has been 


replaced by the averaged An and every D by the twice averaged D. 
This is exactly the same substitution which converts the traditional 
equations of a local theory into our new fundamental equations (17) 
and (28). We may easily guess the form of the S-matrix elements im 
all higher approximations: They will differ from the traditional ones 
by the same substitutions which convert the usual field equations 
into the new equations (17) and (28).. However, only the unperturbed 
potentials AD appear in the S-matrix elements, hence, taking account 
of (8), the general rule for the transcription of the traditional S-matrix 
elements into the new form is very simple: we have to replace every D 


function by the twice averaged D while every Xo and every DO function 
(which will be obtained by taking a vacuum expectation value) remain 
unchanged. 、 

The very fact that it has been possible to construct a-unitary 
S-matrix confirms the compatibility of the set of quantized equations 
(13) and (15). 

Finally, we have to examine whether the extended source theory 
is able to improve the situation in respect to the convergence problem. 
The expressions of the vacuum polarization current and the photon 
self-energy remain unchanged (since the D function does not appear 
in the well known tensor Kw). On the other hand the expression for 
` the self-mass of the electron derivable from the S-matrix is 


eż | = = | 
óm=— g | dwe ouse yt SO) Dla) +S(0)D(@))y". | (3) 


Ii we assume a suitable function F(«) the first term will converge 
while the second term is left unchanged and diverges 1. 22) 


1A convergent expression for the electron self-energy could be obtained if we 
had used the integrations of the causal function De of Stueckelberg and Feynman 


_ in the complex plane instead of Schwinger’s D and D® functions integrated as 
principal values. i > +, 


an "> 5 
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II. Another Type of Non-Local Interaction 


Let us investigate now another type of non-local interaction 
‘derivable from the following Lagrangian 


| TELO L (1) 
; where 
| add | >) 
udyliy KASZ ae 
; : € = GR 
oly v"yl; (2) 


where 7 Y że P are the- cd spinor wave funetions obtained. with 
the aid of a general rule _ | > 


Hie) fare aaa), || (3) 

ń KE is 31 a | delta- like function i 

Ń ROC ae 

% x a ik, x A ZĘ. 

po hah foot ARS 

F where SE oe 

E 2a 8 ZO | 
For a | spinor field in vacuo | we have | BE as | i R 
| | gola me żygo(a), sa. M3 


T 2 A is is the net mass of the-electron, + so that the current sę ara 
differs from the ABD CU e a a a ghaig renommali 
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The field equations derivable from (1) are 
[EJ Au ES; 3 (11) 


dy) > 4 p” Yvan < | 
yt + my(a)=ie | dia” G(a—«')y$fa') Aule) da 
u < 


with a similar equation for y. 
It should be noticed that with this type of interaction neither jy, 
nor s, satisfy the continuity equations. This unusual feature of the 
field theory seems acceptable since it is possible to guarantee the 
integral conservation laws without continuity equations. In particular, 
the charge conservation is secured simply by the gauge invariance 
of the first kind. The non-existence of the continuity equation for the 
current four-vector should be interpreted as a fundamental ese 
preventing a strict localizability of charge. e 
The field equations (11) and (12) violate the fonia of gauge 4 
invariance of the second kind. The absence of this postulate seems 
also acceptable, since we may replace it by a less stringent requirement 
that the experimental rest-mass of the photon should be zero. This A 
may be achieved either by formal renormalization or by the so called - 
realistic compensation. (Jost and Rayski 1949). In this respect the | 
- new formalism by no means constitutes any drawback in compariso1 
with the traditional quantum electrodynamics which was only fo 
mally gauge invariant so that we were also obliged to as ve th 
(infinite!) self mass of ŻĘ photon = means of a i renormaliza 
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and 
AR(@)—AR (a) == tw Dew’), Z, an 
pala) yo 5 | dba’ So—a' Gla"), Aulo’)}, (18) 


where y® and AN mean half the sum of the ingoing and outgoing 
waves. From (16) and (18) we get analogous formulae for the averaged %: 


OR 6 re, iit evi ; , 
Ba) =H) +5 |do Soa’) Fw’), Ale, (169) 


paapaa 5, | ata’ Saw) AL). (18% 
We quantize directly the field equations by assuming again that the 
ingoing and the outgoing waves satisfy the well known commutation 
relations for the separate fields in vacuo. The commutation relations 
for the perturbed wave functions will follow automatically from the 
field equations. 

The S-matrix may be computed from the formulae 


(AP, 81=— F (S, | do D-a Ren, (19) 
(pO, 6] =— ii fs, | dtx’S(a—a") tego), Ala), (20) 


with the aid of (15) and (16). There is little doubt in the compatibility 
of our fundamental formulae and we may immediately guess the | 
S-matrix elements in any approximation: They will be quite similar 
to the usual ones with the only difference that every 90, y® and S 


has to be replaced by 50, y®, and 8. However, due to (6) and (8), 
the general rule for an immediate transcription of the usual S- -matrix 


into the new form is simply: every S should be replaced by S. 

The new S-matrix elements yield non-vanishing probabilities 
only for processes in which energy, momentum, and charge are con- 
served. Thus, integral conservation laws are secured in spite of the 
absence of densities satisfying continuity equations. 

As the perturbed current s, does not satisfy the continuity 
equation, there arises a question as to the form of the auxiliary con- 
‘dition. In order to answer it we substitute (15) in (16) and get a new 
equation 


p(w) = pO(a) + 
Bia 5 f aos S(a— w (pen 0’ ),A(ar’ A (0 —«')s Jsu (a) 
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(21) 
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(and a similar equation for %(2)) where only Ay but not A, appear 
explicitely. In the same way, by substituting (15) into (20) we get 
new formulae for the computation of the S-matrix in which only the 
unperturbed potentials As appear explicitely. Now (15) may be 
treated as a definition and not as one of the equations. Thus, the 
perturbed potentials A, become secondary quantities without in- 
fluence upon the fundamental equations. Now we may limit ourselves 
to the unperturbed AY and assume the Lorentz condition as a restriction 


upon the state vector 
9 
C 


—- Ay |>=0 (22) 
OL u 3 
which, as usual, reduces to two well known initial conditions due to 


the fact thąt the unperturbed potentials obey the Laplace equation 


DAY =0. (23) 
The computation of the vacuum polarization current yields now 
Cju(@)vac=—4e [do K uwla) Ala’), (24) 
Where 
34 94% 34 aa” 94 9AD E 
== za rm 2, @) 
Kw Oly Oly Wy Om, wl Bo O AA ) (20) 
or 


Csala) =— 4e [dee Too 一 oj > (26) 


where Lu differs from K,, merely by the fact that every A is averaged ` | 


twice: A. The appearance of a A or a A changes essentially the situation 
in the problem of the induced current and secures convergence. The 
condition for the gauge invariance and the continuity equation for 
the induced current is, of course, violated, as 


Kw y? Aa) l 
ae miar (27) 


is different from zero. However, the regularized delta function 


w 


(a) = G(x) (28) | 


is even and PAY different from zero only in the neighbourhood ， 


of Zero while EA is odd, so that (27) vanishes if integrated over a small | 


region about the origin. Hence, the continuit ti | 
r l ) Hel y equation and the gau 
invariance are still valid in the mean. The photon etne andl 


kał SB 


x 
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the self-charge are finite, so that the procedures of mass and charge 
renormalization are now mathematically correct and may be applied 
consistently. 

The electron self-energy derivable from the S-matrix is 


~ 


òm=— | | diwy SO (@) D(a) + S(x) DO (2) yte- Purp, (29) 


where the second term is convergent but the first term still diverges. 
By comparing (29) with (I, 31) we see that a full convergence may 
be achieved by combining both modifications discussed in this paper. 
The convergence will be generally secured if we assume the following 
Lagrangian 


L=” (po), 2° Po), 和 (oj (30) 


where y and y are averaged by means of a delta-like function G(x), 
while A, is averaged by means of another delta-like function F(z). 
The question of the definitive form of the delta-like functions lies 
beyond the scope of the present investigation. We mention here only 
that other types of non-local field theories (e. g. the non-local field 
of Yukawa) may be quantized by the method of a direct quantization 
of field equations. An investigation of Yukawa’s non-local field will 
be published by the author elsewhere. 

I should like to thank Dr. J. Rzewuski for making his paper 
on a related subject available to me prior to publication and for 
valuable discussions. ; 
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ANGULAR DISTRIBUTION 
OF COMPTON-COINCIDENCES 


By JERZY GIERULA, Physical Laboratory of the Mining Academy, 
Kraków 


(received December 15, 1950) 


The angular distribution of coincidences due to a beam of y-rays in a telescope 
consisting of two GM-counters was investigated. There exists a maximum of co- 
incidence rate for an angle of c. 30° between the axis of the telescope and the beam 
of the y-rays. The theoretical interpretation of the curve for the angular distribution 
of coincidences is given. It follows from the measurements that the angular distri- 
bution of scattered y-rays agrees for the energy 2,62 MeV very well with the formula 
of Klein and Nishina. The relatively high efficiency of a double telescope for iso- 
tropic y-radiation was explained. 


1. Introduction 


In the measurements of cosmic radiation at great depths with 
a GM-counter telescope, Barnóthy & Forró (1939) and Mięsowicz, Jurkie- 
wicz & Massalski (1950, 1951) observed that there were more double 
than triple coincidences. Mięsowicz and Massalski (1951) showed that 
double coincidences in which the third counter is, not discharged (the 
so-called A-component) are produced by y-ra- 
Bos 2 diation originating from natural radioactivity 
of the surroundings. These authors suggested 
Fig. 1. Schematic drawing the following mechanism of these coincidences: 
of a Compton-coincidence. the y-photon going through the first coun- | 
ter discharges it by a Compton-electron and 
the scattered y-quantum discharges the second counter in the usual - 
way (Fig. 1). Recently in some publications on cosmic radiation at 
great depths (Bollinger 1950, Randall 1950), attention has been drawn 
to coincidences of this kind. The possibility of such coincidences was — 
_ already mentioned by Dunworth (1940) in his discussion of coincidence — 
methods in nuclear physics. Beringer (1943) in his measurements of. 
angular. correlation of y-radiation observed very small effects which | 
he ascribed to such coincidences. It was shown by Hofstadter and 
McIntyre (1949) that in y-detectors of high efficiency such as scintil- 
A counters, the coincidences of this type may þe easily observed. 


3 
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Coincidences of this kind will henceforward be called „QOompton- 
coincidences” since the Compton effect in the first counter is an in- 
dispensable condition for such a coincidence. 

In this paper the angular distribution of Compton-coincidences 
in GM-counters was investigated experimentally for several values of 
y-energy. On the base of the experimental results the mechanism of 
Compton-coincidences in GM-counters was explained. Preliminary re- 
sults of this work have been published recently (Gierula 1951). 


2. Description of the apparatus 


A beam of y-radiation emerging from a collimating channel made 
of lead bricks (Fig. 2) falls on the GM-counter R (the scatterer counter). 


Fig. 2. Block diagram of the apparatus. 


The scattered y-radiation was registered by two similar counters D 
(detector-counters). The D-counters which had parallel connections 
were placed symmetrically in respect to the beam of y-rays at a con- 
stant distance cf 90 mm from the R-counter. The angle a, between 
‘the beam of y-radiation and the axis of the telescope RD could be 
4 varied from 0° to 90°. The counters used were all-metal brass counters, 
1 mm thick, 26 mm in diameter, and with an active lenght of 60 mm, 
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filled with argon at 90 mm Hg pressure and alcohol at 10 mm Hg 
pressure. Hach counter was connected with a cathode follower W. 
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of a photo-camera. The counting rate of each single counter could 
be measured by means of a scale of 128-Sc and the height of the pulses 
was checked on the oscilloscope Ose. 


3. Experimental conditions and results 


The y-radiation used in these experiments originated from a sample 
of ThC” having an activity of c. 9 mOurie and was filtered through 
20 mm of lead. In other experiments the unfiltered y-radiation of 
a Ra-sample having an activity of c. 3 m Curie was used. The coun- 
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Fig. 4. Experimental curves of the angular distribution of Compton-coincidences. 
(Upper curve -TAO lover curve -Ra). 


ting rate in the R-counter was in both cases c. 30000/min. The life- 
time of a GM-counter in such conditions is not very long. For this 
reason, the number of GM-counters necessary in the course of the 
„measurements was 30. 

The rareness of the Compton-coincidences centered it necessary 
to use of a coincidence-set with a short resolving time in order to 
lessen the rate of accidental coincidences. On the other hand, the shor- 
tening of the resolving time causes a loss of genuine coincidences 


due to time lags in the GM-counters. It appears that the resolving — 


time 0,36 u sec gives optimal working conditions. With this resolving 


time, ec. 88°/, of genuine coincidences were registered. The natural 
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background of coincidence rate (caused by cosmic radiation) was 
10,7/h. 

In such experimental conditions the measurements of the co- 
incidence rate RD for both samples was made for several angles ay 
between the axis of the telescope and the direction of the beam of 
y-rays. Control measurements of the „absorption of coincidences” 
(the absorbents between counters R and D) showed that only the 
y-radiation scattered by the Compton effect in counter R was re- 
sponsible for the coincidences. This radiation shows the characteristic 
„Compton softening” depending upon the angle ay. 

The results of the measurements with the y-radiation of ThO” 
and Ra are given in Fig. 4, showing the number of Compton-coinci- 
dences per pulse in counter R versus the angle a, of the telescope 
From these graphs the following conclusions may be drawn: (1) the 
maximum number of Oompton-coincidences is registered in the di- 
rection of c. 30%, (2) this maximum moves towards smaller angles 
with increasing energy of y-radiation, (3) the absolute number of 
Compton-coincidences per pulse*in counter R increases with increasing 
energy of y-radiation. 


4. Theoretical interpretation 


These experimental results can be explained if it is assumed 
that Compton-coincidences can appear only if the three following 
conditions are fulfilled: (1) The Compton electron originating in the 
wall of counter R reaches the inside of the counter and discharges it 
in this way. (2) The y-photon scattered in the Compton effect moves 
in the directions of counter D. (3) This scattered y-photon discharges 
counter D in the usual way. 

The dependence of the probability of simultaneous occurence of 
these three processes on the angle between the telescope and the beam 


of the y-rays gives the angular distribution of Compton-coincidences. 


The scattering of the y-quantum in the wall of the first counter 
in the direction % (which is the same as the angle ay Of the telescope) 
is accompanied by the emission of a Compton electron in the direc- 
tion p (Fig. 5). The Compton electron may penetrate inside the GE 


ter only when it has originated in the wall at a depth not greater than 


the range of electrons of given energy in the material of the wall. 
Fig.5 shows that for a given direction of scattering % the volume 


| from which the electrons can penetrate to the inside of the counter 
oe the shape of a crescent with a thickness equal to the range of elec- 
_ trons R(8). On the basis of the formula for the energy of Compton 


z 


« 
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electrons and using the experimental data for ranges of electrons given 
by Varder (1915) and Schonland (1923, 1925), the writer has evaluated 
the ranges of Compton electrons in the wall of the counter as a func- 
tion of 8 for several energies of the incident y-radiation (Fig. 6). 

The probability of the Compton scattering of a y-photon in the 
direction % was calculated by Klein and Nishina (1929). This function 
is evaluated in Fig. 7 for several y-energies. 


Fig. 5. Schematic cross-section of the counter showing the volume from which Comp- 
ton-electrons may penetrate the inside of the counter. 


The probability of discharging the counter D by scattered ra- 
diation depends only on the energy of this radiation. This energy is 
a function of the angle $. On the basis of the known dependence of 
the efficiency of the counter on the energy of the y-radiation (Rossi 
‘and Staub 1949) the author has evaluated the curves for the ef- 
ficiency of counter D for scattered y-radiation versus the angle ð 
(e»(0)) (Fig. 8). 4 | 

The expression R(%)fxkn(0)ep(9)) represents the relative angular 
distribution of Compton-coincidences. The curves for several energies 
f y-radiation supplemented by the curve for the unfiltered y-radia- 
ion of Ra may be seen in Fig. 9. The latter curve was calculated 
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10 
Fig. 6. The range of Compton elec- 


trons (in Al) R(%) versus the angle 
0 of scattered y-photons. 


op 


Fig. 7. The relative number of y-pho- — 
tons scattered in the Compton effect — 
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using weighted means of the former curves on the base of the y-spec- 
trum of Ra given by Evans and Evans (1948). 

The curves referring to the energy 2,62 MeV and those for Ra 
can be compared with the experimental curves if the efficiency of 
counter R for the incident radiation is taken into account. Such a com- 
parison shows agreement within the limits of experimental errors of 
the calculated and the measured ratios of the coincidences for ThO” 
and Ka. The general character of these curves is also in close agree- 
ment with experiment (if the large solid angle of the telescope is taken 
into account) except for small values of the angle a,. The considera- 
tion of the geometrical details of the whole apparatus according to 


Fig. 10. Space view of a Compton effect. hv -direction of the incident y-photon, 
hv-direction of the scattered y-photon, e-direction of the Compton electron. 


Fig. 10 — including above all the taking into account of the length 
of the counters — lead with the help of well-known formulas of spher- 
ical trigonometry to the following expression for the angular distri- 
‘bution of Compton-co-ncidences in the real telescope 

Bmax 


ar, ce 25 
Kay) = = 1+ 8.80 2 %(c0 太一 了 si 则 了 
$ 


M v hy 
LEG COT ak So ee Se | (1) 
COS $=COS ay COS Py, | : \ 


where r is the distance between counters R and D, d is the active 
ength of the counters and fmax is the angle between the axis of the 
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telescope and the line connecting the opposite ends of the counters R 
and D. The character of the curve obtained from this formula is in 
close agreement with experiment as can be seen from Fig. 11 (ThC”’). 
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Fig. 11. Theoretical curve of the angular distribution of Compton-coincidences and 
experimental results of the measurements, energy of y-radiation. 2,62 MeV. 
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The constant C gives the absolute number of coincidences and is given 
by the formula 

ENR TS Nou 
UR mae 7 mal (2) 


where Np is the number of pulses in counter R, eg is the efficiency 
of counter R in "oo Fp is the area of the cross-section of counter D, 
npr is the number of electrons in 1 g of the material of the wall of coun- 
ter R, V(t) are the coincidence losses, E is a factor for taking into 
account the absorption of electrons, ncn/nai is a factor for reducing 
the range of electrons in Al to that in brass. For the telescope which 
was used in this research and for ThO” the above constant per pulse 
in counter R amounts to: : y 


- 


> | O= (1,34 0,6) x 10-4 


"3 


The absolute number of coincidences calculated ióm formula 
(1) and (2) agrees, within the limits of experimental errors with the 
results of the measurements. ak ) 
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8. The comparison of the efficiency of the telescope under 
various working eonditions 


The results of this work give a clear picture of the processes 
with which we are concerned in a counter telescope immersed in an 
isotropic y-radiation, corresponding very well to the working con- 
ditions under which the measurements of cosmic radiation in mines 
are carried out (Barnóthy and Forró 1939, Mięsowicz, Jurkiewicz 
and Massalski 1950, 1951, Mięsowicz and Massalski 1951). From the 
present investigation it is clear that in the case of Compton-coinci- 
dences the idea of efficiency taken from experiments on ionizing ra- 
diation cannot be applied. The counter telescope detects the ionizing 
radiation eoming only from the solid angle fixed by the geometry 
of the telescope (strictly directional detection). The same telescope 
detects the y-radiation by means of Compton-coincidences coming 
from all directions. The efficiency of the telescope for this radiation 
depends on the direction of the incoming radiation and has a maxi- 
mum at an angle of c. 30° with respect to the axis of the telescope 
(and not at an angle of 0° as in the case of ionizing radiation). The 
coincidences in the double telescope are mainly due to the radiation 
coming from outside the solid angle of the telescope. This fact must 
be taken into account when calculating the number of coincidences 
due to isotropic y-radiation. 

The two following definitions may be useful in such problems: 

1. The efficiency of the telescope for collimated y-radiation (direc- 
tional efficiency) is the number of coincidences in the double tele- - 
scope RD per pulse in counter R. 

It is a function of the direction (©, ©) of the axis of the łe: 
In the telescope used in these CE this efficiency was for 
the direction (0,0). 


for ThC” y-radiation 0,7 x 10-4, 
for Ra y-radiation 0,4 x 10~*. pag 


The general results of the measurements are given by ibe curves 
e(O, 0) in Fig. 4. This efficiency is smaller by two orders of magnitude 
than that of a single counter for the same energy of y-radiation, and 
is in close agreement with the measurements of Barnóthy and Forró 
(1950a) for a similar counter telescope. 
=. 9. The efficiency of the telescope for isotropic y-radiation (mean 
efficiency) is the number of coincidences in a double eounter tele- 
scope immersed in isotropic y-radiation per pulse in a single counter. 
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This efficiency can be calculated from the measurements in the 
mines according to the formula 


A 
2N 


oe (3) 
where A is the rate of coincidences and N in the counting rate in 
a single counter. On the other hand this efficiency can be calculated 
from the angular distribution of the directional efficiency e(0, ©) by 
means of integration for all directions in space (caleulation of the 
integral average). 

Using the data from the last measurements of Mięsowicz ‘and 
Massalski (1951), formula (3) gives for the mean efficiency 


$= 0,9 X10. 


It is eńsily seen from the curves of the angular distribution of 
Compton-coincidences (Fig. 4) that the integral mean of these func- 
tions gives a value of the order of magnitude 107*. Therefore, there 
exists agreement between the efficiency of the telescope registering 
the double coincidences in the mine and the efficiency of a similar 
telescope registering the Compton-coincidences due to y-radiation 
from natural radioactive substances. This result confirms definitively 
the hypothesis of Mięsowicz, Jurkiewicz and Massalski (1950) that 


the A-component in the measurements at great depths is identical 


with the Compton-coincidences due to the natural radioactivity. of 
the surroundings. 

The apparent disagreement of the efficiency of the telescope 
working in the mine and that registering the Compton-coincidences 
in the laboratory pointed out by Barnóthy and Forró (1950a, b) lies 
in a misunderstanding of the concept of efficiency in both cases. Bar- 
nóthy and Forró compared the directional efficiency e(0, 0) which 
they had measured in the laboratory with the efficiency calculated 
on the basis of the measurements in a mine using the formula from 
the paper of Mięsowicz, Jurkiewicz and Massalski (1950). This for- 
mula defines the efficiency of the telescope as the number of double 


coincidences per pulse due to radiation coming from the solid angle | 


of the telescope. This efficiency, termed 2’ by Mięsowicz, Jurkiewicz 


and Massalski, is. according to recent measurements of Mięsowicz and 
Massalski (1951) | 


/=5X10%. 


This efficiency is characteristic of isotropic y-radiation. In the defi- 


nition of this efficiency the fact is taken into account that the pho- 
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tons incident from the solid angle of the telescope, which in conse- 
quence of the scattering in the first counter did not reach the second 
counter, are replaced by photons coming from’ other directions and 
scattered towards the second counter. The number of scattered pho- 
tons passing through the second counter is therefore equal to the 
number of photons which come from the solid angle of the telescope 
and are scattered in the first counter. According to this definition, 
the efficiency is calculated as if scattering did not take place. In con- 
sequence it is clear that 4 cannot be compared with e(0, 0). The ef- 
ficiency e(0, 0) must be smaller than 4' on account of scattering. 
The efficiency 4’ may be rather compared with the efficiency 
for y-radiation of a single counter. It is about three times smaller 
than the latter on account of the softening of y-photons by Compton- 
scattering and because the impulses created in the first counter by 
photo-electrons and pairs cannot be accompanied by coincidences. 


6. Conclusion 


The Compton-coincidences form a very rare process, and only 
in special cases do they emerge from the background of the coinci- 
dences of other types, especially of accidental coincidences. Strong 
irradiation of one of the counters of the telescope with simultaneous 
weak irradiation of the other one is favourable for the observation 
of such coincidences (working conditions of the present experiments). 
A very weak irradiation of both counters also favours the marked 
appearance of such coincidences. This is explained by the fact that 
the rate of accidental coincidences in this case decreases in proportion 
to the square of the number of pulses in the counter and the rate of 
Compton-coincidences decreases only in proportion to the first power 
of this number (working conditions in the mines). 

Finally it may be noted that the present measurements confirm 
the validity of Klein-Nishina’s formula for the angular distribution 

of scattering of y-radiation with energy 2,62 MeV. % 
I express my indebtedness to Drofessor M. Mięsowicz for sug-_ 
gesting the subject of this research and for his kind interest and many 
p able discussions in the course of the work. 
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RELATIVISTICALLY INVARIANT HOMOGENEOUS 
CANONICAL FORMALISM WITH HIGHER 
DERIVATIVES 


by Jan WEYSSENHOFF, Institute of Theoretical Physics, Jagel- 
lonian University, Kraków 


(received March 7, 1951) 


Ostrogradsky’s canonical formalism with second derivatives in the Lagrangian 
function has been put in „homogeneous form“ in which an arbitrary parameter 
plays the part of time in classical dynamics or proper time in relativistic dynamics. 
This doubly generalized canonical formalism makes it possible to treat the motion 
of a spin particle in a generally relativistic manner, independently of the velocity 
of the particle being less or equal to the velocity of light. Weyssenhoff’s and 
Raabe’s equations of motion of a spin particle and Hónl's and Papapetrou’s equa- 
tions of motion of a pole-dipole particle are both included as special cases in the 
new equations of motion. 


I. Introduction 


§ 1.1 It seems certain nowadays that a radical conciliation of 


the fundamental principles of relativity theory and quantum physics 
cannot be achieved without simultaneously taking into account of the 
spin phenomenon. Among other the three following- items point to 
this fact: ’ 

(1) The spontaneous appearance of spin. acvompanying the 
adaptation of the wave equation of the electron to the requirements 
of (special) relativity theory. 

(2) The experimentally verified connection between ‘spin and 
statistics being a consequence of the relativistic invariance of the 
wave equations (Pauli 1941). a 
| (3) A less generally known but not less convincing argument 
is the following one. If one starts from classical (non-quantal) relativity 
theory and introduces in one form or another the spin of the particles, | 
one is led to different phenomena which strangely remind ‘one of the 
quantum theoretical behaviour of an electron. 
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§ 1.2. The first step on this new road of investigation was made 
by Frenkel (1926). Mathisson was the first to deduce the equations 
of motion of a point singularity without spherical symmetry (in the 
inertial frame of reference in which it momentary rests) in a gra- 
vitational field, this singularity being endowed in its vicinity with 
a proper field analogous to that of a rotating rigid body (gravitational 
dipole), or even with a more complex field corresponding to higher 
gravitational multipoles. 

Frenkel’s equations of motion of an electron in an electro- 
magnetic field and Mathisson’s equations of motion of a spin particle 
in a gravitational field become identical when one ignores the electro- 
magnetic field in the former equations and the gravitational field 
in the latter (Weyssenhoff and Raabe 1947 a). 

$ 1.3. A singularity directed by these Frenkel-Mathisson equa- 
tions has been considered as a classical relativistic model of an electron, 
but Weyssenhoff and Raabe (1947 b) and Weyssenhoff (1947 b) showed 
that this model may be greatly improved by passing over by means 
of a suitable limiting process to the case of the singularity moving with 
the velocity of light. For the striking analogies of the behaviour of the 
latter model with Dirac’s electron see Weyssenhoff (1947 c). Attention 
may be also drawn to the automatic appearance of a periodicity (with 
the frequency of Schrödinger’s Zitterbewegung) as a direct consequence 
of. the most fundamental concepts of the theory of relativity (together 
with some straightforward assumptions endowing the particle with 
spin properties). 5 

$1.4. In 1937 Lubański, acting than as a pupil of Mathisson, 
worked out an alternative mode of deducing Mathisson’s equations, 
which became the starting point of another modification of the rela- 
tivistie model of an electron. Hónl and Papapetrou (1940) characterize 
a pole-dipole particle, as they call it, not by a world-bivector s” — as 
did Frenkel and his successors — but by a world-vector ne which 

` they call dipole moment of the particle. This world-vector appeared 

already in the systematic investigations of Mathisson but was put 
by him equal to zero on the ground of positiveness of mass in classical — 
A; GA relativity. On the contrary, the connection of ne with (concealed) 
3 negative mass is praised by Hönl and Papapetrou as one of the ad- 
'...... vantages of their theory. ę Pie Pk ERY 
a a The considerations of Hónl and Papapetrou have been greatly 
improved and brought into connection with the problem of mass quan- — 
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of light; the form of their equations is not general enough to admit 
of passing to the velocity of light in a consequent relativistic manner. 

§ 1.5. To obtain equations of motion of pole-dipole as well as 
of spin partieles valid for all velocities up to and including the velocity 
oi light, and to build a solid basis for further developments in the 
direction indicated by Bopp — and, perhaps, in other directions too —, 
Hamilton's canonical formalism has been generalized here so as to 
include 

(1) higher derivatives of the unknown functions, and 

(2) an arbitrary parameter instead of the time (or the proper 
time) as variable of integration. 

The latter procedure is well-known to be necessary in treating 
all the space-time coordinates on the same footing. The time and the 
energy are then said to become a new canonically conjugate pair of 
variables, though this is only true in a somewhat modified sense, as 
the whole canonical formalism to be used then differs in some not un- 
essential respects from the ordinary one; there exists then, for example, 
not one but an infinity of Hamiltonian functions (see, e. g., §3.3 below). 

The first of the above mentioned generalizations without the 
second has been worked out a little more than one hundred years 
ago by Ostrogradsky (1950)1. For our purposes, however, we need 
a canonical formalism including both generalizations simultaneously. 
Before developing this formalism, in Part III, we shall write down 
in Part II the ordinary Hamilton principle, in order to show the 
notations used ($ 2.1), and briefly recapitulate afterwards the ,pa- 


rametric” or „homogeneous” form of the canonical formalism ($ 2.2) 


and Ostrogradsky’s method of generalizing the ordinary canonical 
formalism to problems in the Calculus of Variations WAW higher 


derivatives (§ 2.3). 


Il. The Three Known Variants of the Canonical Formalism 


§ 2.2. Hamilton’s principle and the ordinary canonical formalism, 
For one particle whose position is specified by three Cartesian co- 
ordinates 2 which are functions of the time t = gt, Hamilton’s principle 
may be written in the form ; 


p t(2) J ts 
f 6 J dtL (tat, 0*)= 0, (2.1) 
t > 


APW PPN 


1 As Ostrogradsky's original publication has been inaccessible > „me; I- ‘know x 
上 Bay from its résumé in Whittaker’s Analytical Dynamics (1917, $:110).. 
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where dots indicate differentiation with respect to t, greek indices 
run from 1 to 4 and latin indices from 1 to 3. From the well-known 
assumptions needed to ensure its validity as well as that of the canonical 
formalism which follows therefrom we quote only the following one. 
The equations of definition of the canonical momenta are 


3L 6 
Pr= gk Ś (2.2) 


In classical dynamics and in the dynamics of relativity these equations 
are always soluble with respect to the ż*s: 


TEZA (GE Om) (2.27) 
and thus 
JL 


In the general case, where Z is an arbitrary function of t, w”, żm, one 


can also pass in the usual way to the canonical formalism provided (2.3) © 


is fulfilled. It is just the failure of this condition, or rather of its analogs, 
in the homogeneous cases ($2.2 and $3.3 below) which is responsible 
for the changes in the corresponding canonical formalisms. 

§ 2.2. The homogeneous canonical formalism. 

In physics in order to be able to treat all the four space-time 
variables on the same footing, and in mathematics to get rid of the 
restriction that the extremals may not become parallel to the hyper- 
plane t= const. in the (2, t)-space, one introduces an arbitrary para- 


meter, say z, instead of t. Indicating differentiation with respect to 元 
by dashes and putting ? 


严 pe 
L(x, &) = L(x", 6") = "I(t, a, +); (2.4) 
we get from (2.i) 
(2) Se 
df dx£(w, é)=0. (2.5) 


L is homogeneous of the first degree in #. 


If we choose (2,5) for our starting point, we must assume that 
L£ is homogeneous of the first degree in bu in order to make the integral 


in (2.5) independent of the choice of the arbitrary parameter a. The 
same assumption may be also put in the form he 

$ OL à 5 ` 

ae agen: . ae (20) 


` 2 Henceforth 24,44 


7 Sees K Par rę wiza e will be denoted simply 


Homogeneous Canonical Formalism With Higher Derivatives 53 


The first derivatives of L with respect to the ##’s are then homo- 
geneous functions of degree zero in 4 and 


LL 
7 Ont on” (2.7) 
Hence 
ZL 
det = PTA = 者， (2.8) 


and if one defines four canonical momenta, analogously to the three 
in the previous case, by 


IL 


Pu= yu? (2.9) 


these equations cannot be solved with respect to æ”. Thus, the canonical 
formalism must undergo a rather essential change. 

From (2.8) and (2.9) we see that there must exist at least one 
relation between the p,’s and the as, say 


Hix, p)= 0. (2.10) 


We shall assume that there are no other independent relations between 
these variables. This amounts to the assumption that the rank of the 
- determinant (2.8) is three 3. 

The function H in (2.10) is evidently not uniquely determined 
as there exist infinitely many functions expressing the same relation. 
There are thus in the modified canonical formalism an infinity of 
„Hamiltonian functions”, an innovation which is praised by Cara- 
théodory (1935) as a special advantage of the parametric form of the 
canonical formalism as ,,one is then at liberty to choose in each case 
a particularly simple Hamiltonian function”. 

The Hamiltonian functions may be characterized by their prop- 
erty of satisfying the following identities (in the #¥’s) 


=)- 0. 


oe "(2.10') 


4 ge 
There are now four Euler-Lagrange equations mi 


PLL a L_a > | (2.11) 


8 For the treatment of cases where this assumption is not fulfilled see, e. 8- s 
Dirac goi: Ge 


s ł 
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but only three of them are independent as 


0 


fh De SPR 3 DD, 
oH ( ) 


© 
due to £ not depending explicitely on z, (cf. $ 3.2 below). 

If we try now to deduce from (2.5) the canonical equations in 
one of the simplest ways used in the ordinary (non-homogeneous) 
case (see, e. g., Whittaker (1917), page 263 or $ 3.4 below), we find 
instead of 

ó(pzi* —L) =a" ô pr — prô vă (2.13) 


the following relation 
O=% ô Pu— puð tt, (2.14) 


as the expression p,#”“— L corresponding to the expression in brackets 
on the left-hand side of (2.13) vanishes now identically due to (2.6). 

Another difference consists in the variations ôw” and dp, being 
now not independent but subject to the condition 


H oH 

Spee A ee pas 

ao ôx“ -+ Ip, Pu 0 (2.15) 
following from (2.10). However, we may still deduce equations analogous 
to the ordinary canonical equations by applying Lagrange’s method 
of undetermined multipliers to (2.14) and (2.15). Thus we get 


0 三 4 二 一 p,=—A—. x 2.16 
3 i | a ny u Ow, ( ) 
These eight differential equations of the first order with one undeter- 
mined multiplier, valid for J(=0, are the „canonical equations in the 
homogeneous case”. 


§ 2.3. The ordinary (non-homogeneous) canonical formalism with — 
higher derivatives. ; y 
'.--)For the purpose of the present investigation it is sufficient to 4 
consider this formalism for first and second derivatives only, though 
Ostrogradsky (1850) worked it out for arbitrary high derivatives in 
the Lagrangian function. Many things seem to point to the fact that 
: in microphysics the introduction of second derivatives in the La- 
grangian function is not to be-considered merely as a first step to the 
-introduction of still higher derivatives but the only one needed to 
open new: interesting possibilities of overcoming at least some of 
_ the difficulties which nowadays afflict theoretical physicists. ` ee 
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Thus, we start from the variational principle 
t(2) 
df atL(t, ot, it, ok) = 0 (2.17) 
(a) 
and the corresponding Euler-Lagrange equations 


ŚL Ob dL ËL 
dak dak dada ` dn dak 


0, (2.18) 


which are now differential equations of the fourth order. All this was 
not novel in the time of Ostrogradsky; following him, however, we 
put now —in our notations — 


k= vk, (2.19) 
OL 
OL 2s: | 
gak MR Phy (2.21) 


where v*, nę and p, are nine auxiliary variables, and assume that 
equations (2,20) can be solved with respect to the ##’s, yielding 


DBL OE Ni) (2:20’) 
or, what amounts to the same, we assume that 
det zarogi+0- (2.22) 
This may be confronted with (2.3) above. | 
If we put now 
H(t, a*, px; vk, ny) =prv* + nrt —L(t, ck, v*, oF), (2.23) 


where w* have to be considered as functions of t, a”, 0™, nm given 
by (2.20’), we get in the usual way (cf., e. g., $3.4 below) the following 
generalized canonical equations | 


+_9H oH | 
ETA Pr Our? 
2.24 
PRZED s 


| "These are twelve differential equations of the first order for the three 
_ pairs of canonically conjugated variables x*, p, and the three pairs 
i vk, Ng. p= : È - EM) 
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Ill. The New Variant of the Canonical Formalism 


$3.1. The independence of parametrization. 

The work of this part applies to line integrals in spaces of an 
arbitrary number of dimensions but, for clearness, we shall assume 
from the outset that we have to do with the four-dimensional world, 
i.e. with four dependent variables œ” (m=1,2,3,4). The role of the 
independent variable will be played by an arbitrary parameter z without 
any physical significance; we shall assume only that all „changes of 
parametrization” are effected by means of continuous functions 
mn= (m) with continuous derivatives of the first and the second order 
at least and such that their first derivatives K==dajda do not vanish 
along any path of integration. Without loss of generality we may 
even assume them to be always positive: K >1. 

In (special) relativity we may and do postulate instead that 
t szdt|da >0 in all inertial frames of reference. This restricts the con- 
sidered extremals of our variational principle to time-like and to 
isotropic world-lines only. 

The line integrals with which we shall be concerned will be of 


the form 
(2) 


J dxL (at, br, BY) 
Ta) 


faxL£(a, &, b). ` (3.1) 


or, for short, 


way and >a) are two fixed values of x which may be chosen 
quite arbitrary. 

In order that these integrals should not depend on the para- 
metrization, i.e. on the choice of the parameter along the path of 
integration, the generalized Lagrange function £ has to fulfil -not 


one (as in § 2.2 above) but two conditions *, namely 


ð 

śm E + ogu 2 (3.2) 
» JL 3 
ŻE E CREE 2 (3.3) 7 


_ The proof i is quite elementary, but as we shall need similar considerations 
"later on we shall sketch it here in brief. Let us change the pace wag 
to x by putting E 


a=a(n) | (3.4) | 


4 Generally n conditions when the highest derivati ing i l 
es + 
grangian function are of the n-th order. SS 
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and call 
dx ~ da dK 
j td alga de (3.5) 
whence 
d d a AŻ wd 
dz Kk z p (3.6) 


We must have ~ > 


i de dx Mirch, 

dL |a, T a| = dabie, 4,6) (3.7) 
that is SAI . 
A | La, Ke, K?6+Ka)=K(a,ó, b). SETS 


If we differentiate e (3. 7’) once with respect to K and then a second 
time with respect to K and put afterwards in each case K=1 and. 
ik — 0, we get (3.2) and (3.3). 

It follows from (3.3) that 


det RZN = (3.8) a 


as we must evidently assume that the gws cannot vanish simultane- 


ously. | ee = » ZA 
$3. Pott he variational principle. pa | | : aN 


ER 2 


| SAB 


With a-Lagrangian function verifying the two Sonun B2) a k 
d (33) the homogeneous variational RAR with second derivatives 一 | 
pe formulated as follows: pa $ A EE E E eS A "gd 


SĘ ia) 


| RZE a, 5-0 


a Hamiltonian funetion corresponding to the Lagrangian function ! 
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This may be easily verified by differentiating with respect to a, equa- 
tion (3.2) once and equation (3.3) twice, and comparing the results 
with the general expression for L' = dL/dn, bearing in mind that £ 
does not depend explicitly on z: 0.£/0xn = 0. 

§ 3.3. The Hamiltonian functions. 

The system of four differential equations of the fourth order 
(3.10) can be split into a system of four times four equations of the 
first order, as follows 


Ny ets y= (3.12), (3.13) 
rap lene pee 
f= Pn By Se (3.14), (3.15) 


where w”, n, and p, are twelve auxiliary variables. Here, and from 
now on till the end, the Lagrangian function £ has to be looked upon 
as a function of the twelve variables x, wt, we: 


L= L(x, w, 6). (3.16) 
Instead of the identity (3.3) we have now 


n, w= 0, (3.17) 


and from both identities (3.2) and (3.3) verified by £ and its first 
derivatives, we have 


Puw“ +n, ve — L=0. s (3.18) 


The two above relations are not identities any longer, but consequences 
of equations (3.13) and (3.14) in which £ is known to be a function 
which satisfies identically relations (3.2) and (3.3). ` 
Equations (3.13) cannot be solved with respect to the #’s be- 
cause of (3.17) (or (3.13)), but we can eliminate the úws from the five 
equations (3.13) and (3.18) and thus get a relation between the sixteen 
variables x“, p, w” and Nnu. We shall write this relation as follows 


H(x,p; w,n)=0. (3.19) 
Thus H verifies. the following identity (in the ws) | 


dL | 本 
Hla, 2(2 w, w); w, 55% (3.20) 


where the p,8 have to be consi ree A 
; ; u 、 sidered as funct 
drawn from (3.18). ions of #,w, and %* 


The function H as well as every function representing if pu 
equal to zero the same relation between gt, Dw wk and ny, may be call À 


Or 
© 
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§ 3.4. The canonical equations. 
We may bring now equations (3.12)—(3.15) together with equa- 
tions (3.17) and (3.19) into canonical form. Writing, because of (3.18), 
3 Ol, JL 


ôL = oe EŃ, „00% 4 a" = wkóp , + p,we+ rin, +n, ô, (3.21), 


replacing the derivatives cf „£ by their expressions derived respectively 
from (3.15), (3.14) and (3.13) and substituting DOD for wkóp, we get 


LOD ,— p, 0a" +b dn, — ń,ówe=0. (3.22) 


The sixteen variables x, p,, W“ and n, being not independent 
but verifying the two equations (3.17) and (3.19), we have to use 
Langrange’s method cf undetermined multipliers and thus we get 


IH IH 


AS) a (3.23) 
; H z : IH 
2 二 1 + Awe, Mah Gait —Mm, (3.24) 


u 

These are the canonical equations in the generalized form sought 

for. They are only valid together with equation (3.19). If we replace 

H by another function expressing the same relation between a, Dur 

w and n, all the first derivatives of H are changed in the same ratio 

and this change may be accounted for in (3.23) and (3.24) by an ap- 

propriate change of 4. A change of parametrization affects both A 
and À. 


IV. The Lagriangan function 'of a spin particle - 


§ 4.1. Conditions imposed on L. 

The question arises now as to the form of the Lagrangian func- 
tion in the relativistic dynamics of spin particles. Even if we restrict 
ourselves, at first, to free particles, this question cannot be finally 
settled so long as we do not know how to ,,quantize” the new theory. 
It is very probable that the ,,quantization” to come, which will also 
have to include the ,,quantization of mass”, will differ substantially 
from the present-day quantum theory. The interesting investigations 
of Bopp (1948) may be considered as a first step in this direction. 

: At any rate, it seems sure beforehand that the case of the ve- 
locity of the singularity being equal to the velocity of light (w,w*= 0) 
will play a prominent part in the future theory. If it is “really “BO, 
e have to look for a Lagrangian function which neither vanishes 
or becomes infinite when ww” tends to zero. We will show presently 
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that this assumptions together with some other ones concerning the 
relativistic invariance and the independence of parametrization are 
sufficient to fix uniquely the form of 6: 

Let us assume, therefore, the following conditions to be fulfilled 
by the Lagrangian function of a free particle in the relativistic dy- 
namics of spin particles: 

(A1) £-is an at least twice continually differentiable func- 
tion of the eight variables w*=a" and (好 一 Op It does not depend 
explicitly on the «Ws as we are considering now the case of a free 
particle. 

(A2) £ is Lorentz-invariant when w” and %% transform as four- 
vectors under transformations of the inertial frame of reference without 
change of parametrization. 

(A3) The line integral of 


P, 
f: dx .£(6, #) (4.1) 
P, 
along a given are P,P, between two given world-points P, and Pa 
is independent of the choice of the parameter a along the path of 
integration, so long as this parameter fulfils the conditions set forth 
(AE > ja 
(A4) L remains finite, i. e., it neither vanishes identically nor 
becomes infinite, when w,w* tends to zero in an appropriate manner 
(see § 4.2, equation (4.19) below). 
$ 4.2. Derivation of the form of L for a free particle. 
From (Al) and (A2) it follows that £L is a function of the only 
three independent relativistic invariants which may be formed — at 


constant parametrization — from the two four-vectors we and %bu; 
namely 5 | 


(66), (ww), (w). (4.2). 


From the work in the preceding part we know that in order to 


_. comply with (A3), £ has to fulfil the two conditions (3.2) and (3.3), 


which we rewrite here with a slight modification 


aL JL i 
s we 8 2b  Ł: - (4.3) 
OGAE (4.4) 


rL 


5 From now on we shall often write scalar 


e ARÓW AC products in an oe, form 


Re 


\ 
人 


j 
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) It will be convenient to replace the three invariants (4.2) by 
the three following ones : A 
x a= (ww) (wb) —(wib)?, b= (ww), c= (wi), (4.5) 


as a (and all its functions) satisfy identically (4.4) for £L=a (and 
£=f/(a)). Indeed 


Sa | a = 2b, —2ew,,, © 040446) 
and hence | 

Da | 
wl m = 200 —2eb = 0, = RES, 
E ; | AZ AOA ða E $ 
a z > o = 20 = we EPT (4.8) 


po (4. 7) proves our assertion. 


(Now it can be easily aa that | i 
| RAE Pab o) E O 


ANT, depend on c if „£ has to satisfy condition (4.4). Indeed, if we eS 
insert (4.9) in (4.4) and take ne account (4.8) and (4.5), we have = = = 
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Thus we get 


a dA UA MZZEBI 
二 a ZW JĄ 4.16) 
Ad o bdb i ( 
where n is a constant, and hence 
L=brar, where 2m+6n=1, (ALT) 
or P 
4 1_9n n l_on ae w n F 
L= pmtn GE p 2 2 G) =(ww)” [pó | s (4.17 ) 
is a particular solution of (4.14). 
We see that for (ww) >0 
0 for n<4 
Sid Ę (4.18) 


一 co for n>, 


and only for n=1/4, i.e., 1/2—2n=0, £ can remain finite. This will 
be the case, e. g., if (ww) tends to zero in such a manner as to make 
区 (4.19) 
— (ww) da 
The above expression cannot tend to a definite non-vanishing limit as 
it depends on the choice of parametrization. 
Thus finaily we see that only 


4 


H j ` _ (web) 
£=const KŻ ow) (4.20) 
fulfils all the conditions (A1)—(A4) above. 
§ 4.3. A more general form of L. 
In the limiting case referred to above (4.20) becomes 
4 
L = const (ú). (4.21) 


This expression may suffice for those who believe that in the theory 
to come all the singularities corresponding to. elementary particles will 
move with the velocity of light. The present author (Weyssenhoff 
1947b) has already shown that (%)'« is proportional to a quantity * 
playing an analogous role to the mass of the particle. Bopp (1948) 
based on it his investigations quoted above in § 1.4. 

But if we wish to get a Lagrange function leading to equations 
of motion which may be considered as arbitrary good approximations — 


-° A quasi-scalar of the second kind, see § 4.4 below. 
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to the usual equations of motion of spin-less dynamics — e. g., those 
of Hónl and Papapetrou (1940), on which Bopp (1948) based his in- 
vestigations — we must add to (4.20) the usual Lagrangian function 
of spin-less relativistic dynamics, arriving thus at the following gen- 
eral expression for the Lagrangian function of a free particle in the 
relativistic dynamics of spin-particles 


4 
L- 27) (oe) + Vn / ty C] (4.22) 


(ww) 


The ratio of the fourth root to the second one in (4.22) is ob- 
viously independent of the choice of parametrization and has the 
dimensions of the square root of length, and thus lọ in (4.22) is a (uni- 
versal) constant with the dimensions of length. 

It will prove convenient to write the second: constant appearing 
in (4.22) in the form —2y. Its value remains indeterminate so long 
as only conclusions drawn from the variational principle are taken 
into consideration; in spin-less dynamics 2y is usually put equal to m, 
the rest-mass of the particle. 

It might be objected that (4.22) is not the most general expres- 
sion aimed at for L, as still other expressions of the form (4.17’) van- 
ishing for (ww)—0 might be added. From (4.18) we see that for these 
additional terms n has to be smaller than !/,, but on the other hand, 
as it is reasonable to assume that £ has to remain finite for vanishing 
accelerations, n cannot be negative. The values zero and +/, for n has 
been already taken into account, so that there remain only values 
between zero and 4/,, which may be rejected on the ground that they 
lead to extremely complicated expressions (higher roots than the 
fourth one). i 

$ 4.4. Quasi-tensors. 

Before proceeding further we will discuss here one particular 
of the new formalism. There appear in it „geometrical objects” of 
a new sort. Beside world-tensors (scalars, vectors, etc.) in the usual 
sense of the word, i.e., tensors which do not depend on the para- 
metrization, there are other geometrical objects whose components 
transform like components of world-teńsors so long as the parametri- 


zation remains fixed but undergo different changes under change of 


parametrization (withoub change of the underlying inertial frame of 
reference). We shall call them quasi-tensors (or tensors depending on 
parametrization). There are many different sorts of quasi-tensors, 
but we can divide them broadly into two classes which we shall call 
quasi-tensors of the first kind and quasi-tensors of the second kind. The 


b 


+ 
Poz”: 
i. 

z 


64. Jan Weyssenhoff — 


transformation rules of the former under change of parametrization 一 
depend only on K=dz/dx, whereas for the latter the corresponding 
rules involve not only K but also the second derivatives of z with 
respect to 元 : K—=dx/dz (cf. § 3.1 above). Stree 
Referring to equations (3.4)—(3.6), we may easily find the above 
rules for different quasi-tensors and so dress the following table of 
quasi-tensors and true tensors which may be formed from them. 


ź TABLE 
Tensors i 
(wó) | 


. BY — yten — wr nu + . h 4 。 
Pus. § wen? 一 went, (nw); inn) (on) "aT two) 


(aa) 


Bax > | 7 | Quasi-tensors of the first kind > D EVA zi SR. KĘ. : 4 
Rob PRs ei,” A (lan WERE Nae Aaa 
ee PA 

机 


` 
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Explanation of the above Table. The transformations indicated refer 
to a change of the arbitrary parameter from a to a; K=da/da, 
K= rajda’; w > Kw is short for w” goes over in we=Kwe, ete. 一 
Quasi-tensors standing in one row transform alike. — The quasi-vector 
a“ will be defined in $ 4.5. — The fact that p, is a time-like vector 
may be inferred, e. g., from (4.45) below. 

We see that quasi-vectors of the first kind possess definite di- 
rections, i.e. directions independent of the choice of parametrization; 
in other words, the ratios of their components do not depend on the 
parametrization. One might be tempted to call them homogeneous 
vectors though their components are more definite than homogeneous 
coordinates used in different branches of geometry as they transform 
in prescribed ways under change of parametrization. Quasi-vectors 
of the second kind have no definite directions. 

§ 4.5. Some formulae following from (4.22). 

Let us write (4.22) in the form 


4 
£=—2y{V— (wo) +i VQ] (4.23) 


with 
AY} 
Q= (tio) Y= (aa), (4.24) 
where 
ate 0 (4.25) 
may also be written as : 
Q _ (wrw? -一 o i = WW u) (4.26) 
AS ， 
(aw) = 0, (4.27) 


we see that a* is the „transverse quasi-acceleration” of the particle, 
i.e., the component of w* orthogonal to w+. 
| We assume here that w is a time-like quasi-vector *: 7; 


(ww)< 0. ~ (4.28) 


Then a* which is orthogonal to w* is a space- -like quasi-vector and 
| hence > : 

; Q= (ua) = 0: | (4.29) 
We have also 
(aw)=(aa). Zyd (4.30) 


7 The case of w” becoming isotropic needs special consideration. 
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From (4.23) we get by differentiating 


IL Żywy —(ww) ay 
= l A 4.31) 
DWH — (ww) b 2 (ww) Q": ( 


and, remembering definition (3.13), 


9 
nie tą = igi (4.32) 


The question of the quasi-vector n, is rather more intricate and 
requires further elucidation. It is connected with the existence of four 
branches of the fourth root. When Q is positive, asin our case, its fourth 
root has two real and two imaginary values. It is very probable that 
to preserve continuity all of these values will havę-to be taken into 
account in a future (,,quantized”) theory. For the present we assume 
that n, is real, and thus we disregard two of the said four branches, 
though it might be observed right away that an imaginary n, does 
not seem so impossible in a physically meaningful theory, as n, plays 
only the role of an auxiliary quantity. 

But even if n, is real its space-time character is indeterminate, 
as from (4.32) 

(nn)= Vig = (4.33) 
VQ 
and, corresponding to the two square roots of Q, n, may be time-like 
or space-like. 
| By taking the square root of both sides of (4.33) we get an ex- 
pression for Q'4 as function of n, 


4 
1 
in Ag 
re Vo, (4.34) 


and if we persist in ascribing only real values to the fourth root of Q, 
we must replace (nn) on the right hand side of the above equation 


by its absolute value. To avoid this complication, we shall assume q 


for the time being that (nn) is positive, i.e. that nN, is Space-like (as 
in the theory of Hénl and Papapetrou). , 

To close this section we remark that the first part of £ is homo- 
geneous of the first degree in we and independent of we, the second 
part is homogeneous of degree zero in w* and homogeneous of degree 
one half in we. We have therefore -by Euler’s theorem 


Of A 
we Spe 27 (to) ee (4.36) 


| > eee rT ver or GE 
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and 
(on) = ton Sy Vo. (4.37) 


§ 4.6. The canonical equations. 

The formulae of the preceding section enables us to find a Ha- 
miltonian function of our problem almost without further calculations. 
In fact, it suffices to insert (4.31) and (4.23) in (3.18) to find, with 
the help of (4.34), a relation between p,, w and ny: 


=0 (4.38) 


(pw) 2y V =w) Heures 


and thus, in accordance with the definition of the Hamiltonian func- 
tions in $3.3 above, we may put 


(4.39) 


Hip; w,n)=(pw)-+2y teo) Hee 


The canonical equations (3.23) and (3.24) corresponding to this 
choice of the Hamiltonian function read 


te= we, <= (4.40) 

dy "Ad O -+ we, (4.41) 

=p r ; (4.42) 
A E 


Here we have put already 4 一 1 to ensure equality between £* and wë. 

By so doing we do not loose the invariance of our equations under 

change of parametrization if we understand that such changes have 

to be accompanied by suitable changes in the auxiliary quasi-vector w+. 
By multiplying (4.41) by w, we have, due to (4.35), 


(ww) = A(ww) (4.43) 


and thus we may eliminate also the second undetermined multiplier 
| 4, getting instead of (4.41) and (4.42) 


ne (ww) 


tpl e le Gaya, + (oy 


(4.44) 


do BW ZA 445 
UT m Pyut2y —(ww) (ww) “ ( ) 


| g* 
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but equations (4.44) thus obtained cannot be solved with respect to 


the w’s. 
‘We can also write equations (4.44) in the form 


3 ne A 
lei (4.46) 
4 


a formula which can also be directly deduced from (4. > and Gs 34) 


above. 
Until now in other Pimen m (4.44) appeared rather 


in the EE form 


een Coe i RATY ki ii ai ad ES AN 


Pu tina ol KA, GC: 41) 

/- (ww) 

being an expression of the momentum-energy four vector. of thea 

particle as function of velocity, acceleration and other quantities 

characterizing the particle. 
We may also write (4.45) in the KAL 

SA ECO W 
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From (4.44) we get 
(ww) 


vun” — Ý n” = 
(ww) 


sw, (4.52) 
Differentiating (4.51) with respect to a, we get, due to (4.52) and 
(4.48), 

ŚM” ==DpHw—p"wt. (4.53) 


This is one of the equations of Weyssenhoff and Raabe, which 
was the starting point of the work of Weyssenhoff (1947a, b), as its 
three-dimensional analog has a very simple physical meaning. 

We may also put (4.48) in the form 


Mmw„—= Św” 
A: (4.54) 


Pu“ (ww) 


with m given, as PD by (4.44), and by multiplying (4.51) by w, 
we obtain 


S wW” =— (ww)n,. (4.55) 


This relation coincide with the condition 


Suv W” = 0 (4.56) 


introduced by Frenkel (1926) and adopted by Weyssenhoff and Raabe 
only when (ww)=0. Multiplying then (4.54) by (ww), putting after- 
wards (ww)=0 and making use of the once differentiated relation 


(4.56), we get 
mw” sw, =0. - (4.57) 


Equations (4.53) and (4.57) together with condition (4.56) are 
just Weyssenhoff’s and Raabe’s equations of motion of a spin-particle 
moving with the velocity of light. 

The author considers the present work as a preliminary step 


to further developments. 
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A METHOD OF DETERMINING THE EFFICIENCY 
OF RA-BE NEUTRON SOURCES 


by M. DANYSZ and Z. WILHELMI, Institute of Experimental Physics. AR 
University of Warsaw, Warsaw 


(received November 4, 1950) aes ae 


A simple method of measuring the efficiency of Ra-Be neutron sources has 

- been. elaborated. The method is based upon neutron induced £-radioactivity and 
~ avoids measurements of weak secondary effects in the presence of strong direct. 
radiation from the Ra-Be source. The accuracy of the method is comparable with ， 
that of other, more elaborate, methods now in use. 


i Ra-Be aa emitting sources are not strietly reproducible, - = z, 
as their efficiency depends on the degree of crushing and mixing of — 
_ their constituents. The values of their unit efficiency, i.e., of the 
i number of neutrons emitted in unit time by a Ra-Be A con- 

- taining 1 mg of radium, determined experimentally by various authors 
differ rather widely. Thus, for instance, this value was found to be - es 

6,8 - -103 neutrons/sec. mg Ra by- Gamertsfelder and Goldhaber (1946) g 

and IE 7-104 neutrons/sec. mg Ra by Anderson and Feld (1947). CE 
ee These large divergences are due not only to different ways of a 
B ration of the | sources Dub also to the low EO of the meas- : 


z) 


e nsist in O” in the determination = the effect of comp! 
oi he neutrons emitted By: the RSE: in s 
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presence of strong direct radiation from the radium contained in the 
given source, and (2) the construction and calibration of special 
counters. We therefore based our method upon neutron-induced f-ra- 
dioactivity. The absorbers used were made of silver, which has a large 
cross-section for the absorption of slow neutrons and the neutrons 
emitted by a Ra-Be source produce in it practically only two radio- 
active isotopes: Ag!® and Agr, 

In order to diminish the necessary size of the absorber and 
increase in consequence the concentration of the radioactive isotopes, 
we used solutions of AgNO, in water, the hydrogen of the water acting 
as moderator for the neutrons. A standard bowl-type G. M. counter 
was used as detector. 


The measurements 


The source of the neutrons which consisted of a mixture of 

35,5 mg Ra in the form of radium sulfate with 2 g of powdered beryl- 

lium was placed inside a rectangular box near its center. The box, 

26 x 26 x 26 em in size, was filled with a solution of AgNO, in water, 

concentration 0,71 g Ag/cm3. Probes consisting of silver discs, 1,2 cm in 

diameter and 2,74 mg/cm? thick, were activated by immersion in the 

AgNO, solution for 13 min, a time sufficient for attaining practically 

complete radioactive equilibirium. They were then transfered in 15 sec 

to the window'of the bowl-type counter by means of which the ejected 

electrons were registered for 5 min. A series of measurements at 

, different distances of the silver probe from the source led to the 

5 dependence of the observed activity on the distance of the probe from 
i _ the source. The results are shown in Fig. 1. 

_ The decrease in time of the activity of the probes was then in- 
vestigated, yielding the initial observed activity of a probe corresponding 
to the moment of cessation of activation; in the pertinent calculations 
the half-lives of the silver isotopes in question were assumed to be 


7 À 2,44 min for Ag108 and 24,17 sec for Agi, sA 
人 "3 In‘ order to determine the actual activity of the silver probe, 
Pes, 1. €., the number of electrons emitted per second by the whole probe 


ex absorbed by the probe equals the number of all the e 
ZER the following quantities have to be found: — 
- (1) the geometrical efficiency of the counter, 


jected electrons, 


trons in the material of the probe. Sz 


in the state of radioactive equilibrium, in which the number of neutrons 


(2) the coefficient of absorption and backscattering Gł the ee 4 
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The geometrical efficiency `of the counter was ascertained by 
means of a standard source of f-radiation placed on the counter in 
exactly the same place as the activated silver probe. The standard 
source used produced electrons with an energy spectrum vary similar 
to that of the electrons originating -from the radioactive silver iso- 
topes Agl and Ag! As the results of these measurements, the geo- 
metrical efficiency of the counter was found to be about 29 per cent. 


"_r(cm) 


Fig. 1. 


The coefficient determining the role of absorption and back- 


 scattering of electrons in the material of the probe was determined 


in a series of measurements with probes of different thicknesses 


activated in identically the same conditions. It was found that the 


exploitation of the radiation of the probes with respect to this factor 


amounted to 35 per cent. 


it possible to calculate the actual activity of the probes and hence, | 


ý 


The determination of the above mentioned śoetficiontś made 


from the known ratio of the mass of the probe to the mass-of silver 


contained in 1 cm? cf the solution, the actual activity of 1 cm? of the 


ee Z 


solution, i. e. the number neutrons absorbed per second in 1 em? of 
the solution. This activity versus the distance of the probe from the 
source is represented in Fig. 2, curve a. Curve b in Fig. 2 represents 
RE number of neutrons absorbed by a spherical shell, 1 cm thick, 
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of the solution. The integral of the latter represents the over-all 
efficiency of the source on the assumption that only silver atoms are 
effective in the absorption process. The absorption of the remaining 
elements (N, H and O) was evaluated front known cross-sections data 
for the absorption of thermal neutrons, leading to the following values 
of the corresponding corrections: 3 per cent for nitrogen, 2 per cent 
for hydrogen and a negligible amount for oxygen. 

Finally, it was found that the investigated neutron source emits 


5,3°105+ 15°/, neutrons per second. 
This correspond to a unit efficiency of 


w=1,5 x10%* neutrons per second per 1 mg radium. 


2 4 6 8 0 /2 rg 16 18 fem) 
FAN RANE 
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ON THE ABSORPTION IN ALUMINIUM OF ELECTRON 
PAIRS CREATED IN LEAD BY GAMMA-RAYS OF ThC’ 


By A. Z. HRYNKIEWICZ, 2nd Physical Laboratory of the Jagiellonian 
University, Kraków 


(received October 6, 1950) 


The absorption of pair electrons in Al was measured by the method of G. M. — 
counters working in coincidences. The absorption curve obtained was compared 
with curves calculated from the theoretical energy distributions of pair electrons 
given by Bethe & Heitler and Jaeger & Hulme. The experimental curve fits much 
better with the curve ealculated on the base of the theory of Jaeger and Hulme. 


In this work the absorption of electron pairs in aluminium was 
investigated with the apparatus described in a previous paper (Hryn- 


Fig. 1. Geometrical arrangement of counters. 


kiewicz, 1950)1. Two f-ray counters with 20% mica windows were 
placed at the end of the collimation channel through which a narrow 
beam of y-rays from a MsTh sample was transmitted. The ‘geometrical 
arrangement of the counters is represented on Fig. 1. (position I). 
The opening of the channel was covered with a lead foil 100 u thick. 
The electron pairs created in this foil were counted by counters working 
in coincidences. For obtaining the absorption curve aluminium foils 
of different thicknesses were placed in front of the windows of both 
counters. 


1 The idea of the coincidence circuit used in the present paper and the pre- 
vious one was suggested to the author by Dr M. BEA? from the Mining Aca- _ 
ZZ. Kraków. 
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The number of counts per hour (N) at different aluminium foil 
thicknesses (o) expressed in mg/cm? is given in the following table. — 


Table I 

o - a N | o N- 4 
"5,4 207,13: 2,5 218,1 20,34 0,8 - 
28,4 141,44 3,6 233,7 15,5+1,1 
35,8 120,3+ 3,0, 248,4 , -15,94 0,9. 
51,4 102,0 -- 2,6 273,4 14,0+0,8 
66,2 80,9-- 1,8 296,4 14,5+ 0,9 
81,8 69,9+ 2,1 319,4 13,1 + 0,6 
96,6 57,6 +1,2 342,4 11,9+ 0,7 
112,2 50,5 + 1,9 359,1 13,1+0,9 
126,9 46,4-- 1,5 . BE CEA 10,7-= 0,8 
142,6 40,2+ 1,8 405,1 9,3+ 0,7 
157,3 29,6 1,4 428,1 -9,1+0,6 
PTO" 25-42 13 452,5 9,24 0,6 
187,7 * 23,54 1,2 475,5 "10,9++0,6 - 
203,3 22, L4 1,0 ),9+ 0,6 


On Fig. 2 the upper curve represents the number of counts per 3 
hour versus o, the lower one gives the background coincidences of = 
Ber : by type. This background was measured by shielding the window of © 


= 


N 
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very little upon the counter position. The shape of the absorption 


curve was also nearly the same for a greater thickness of the lead foil; 


this was shown when taking measurements with a lead foil 300 u thick. 
In order to enable the comparison of the results of these experi- 
ments with theoretical predictions, the theoretical absorption curves 
must be calculated from the energy distribution of pair electrons given 
by the theories of Bethe and Heitler (1934) and Jaeger and Hulme 


EARO OA ean 
; 
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It is evident that positons of energy greater than Hymax/2 cor- 
respond to negatons of energy smaller than Fmax/2 and reciprocally. 
Therefore, when shielding the windows of both counters with the ab- 
sorbing foils, the number of coincidences becomes zero when the thick- 
ness of the absorber is greater than the range in aluminium of electrons 
of the energy Emax/2. Hence the number of electrons registered without 
absorber will be proportional to the area of the first part of the dia- 
gram (in the energy interval (0, Hmax/2)). 

If the range of electrons in matter were strictly definite, the 
evaluation of theoretical absorption curves would be very simple. 
In reality, the electron absorption is partially exponential and the 

GTE) 


O 
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Fig. 4. To the procedure of graphical caleulation of the theoretical absorption curves. 


case is much more complicated. The manner of drawing the absorp- 
tion curves (for the energy distribution of Bethe and Heitler) is shown ` 
in Fig. 4. The first point of the absorption curve is given by the area 


Emax 


: 2 

A,= J o(E)dE. 

> 0 
To obtain the next point for the absorber of thickness R, we cut off 
electrons of energy smaller than F, (corresponding to the range R) 
and trace the curve of the energy distribution o'(E) changed by intro- 
ducing this absorber. For this purpose the curve of the absorption 
of monoenergetic electrons given in the paper of Bleuler and Ziinti 
(1946) was used. On the ground of their curve the decrease of ‘the 
number of electrons by the given absorber was calculated for several 
points of the primary energy distribution curve. For the curve o'(E) 
obtained in such a way, a correction must be made because of the 
method of counting the coincidences. We are interested only in its 
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part lying in the energy interval (FE, Emax/2). In each point P of this 
interval the curve o'(E) has to be lowered proportionally to its lower- 
ing (in comparison with the curve o(E£) at the point P’ lying in the 
energy interval (Hmax/2, Emax) symmetrically to P with respect to Hina) 2 
In this manner we obtain the curve o,(E) and the second point of the 
absorption curve is equal to the area 
Emax 
2 
A= | o,(B)dE. 


Ey 


Repeating this procedure and evaluating the obtained areas, by means 
of a planimeter, we may draw the absorption curve. 


100 200 300 8 


Fig. 5. Comparison of theoretical and experimental absorption curves. 


On Fig. 5 the experimental absorption curve as well as the theo- 
retical curves are shown. It is clearly seen that the experimental curve 
fits much better with the curve calculated from Jaeger and Hulme’s 
energy distribution than with that one calculated from Bethe and 
Heitler’s distribution. The shape of the experimental curve makes 
the impression that possibly the assymetry of the energy distributions 
of negatons and positons in pair production might be even greater 
than that predicted by the theory of Jaeger and Hulme. 

The author is grateful to Komisja Popierania Twórczości Nauko- 
wej i Artystycznej przy Prezydium Rady Ministrów for granting 


80 A. Z. Hrynkiewicz. - 9-3 4 


a scholarship and wishes to express his appreciation to Professor — 
H. Niewodniczański for submitting the subject of this work and for his ~ 
constant stimulation throughout its course. He is also very indebted - 
to Professor M. Miesowicz and his collaborators for valuable assistance - 
in preparing the G. M. counters, and especially to Dr J. Gierula > 
for helpful discussions concerning the electron absorption and to — 
Dr M. Massalski for suggesting the idea of the coincidence circuit. — 
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GEIGER-MULLER COUNTERS FOR SOFT X-RAYS 


By Kazimierz W. OSTROWSKI (Cyno), Physical Laboratory II 
of the Mining Academy, Kraków 1 


(received December 15, 1950) 


The dependence of the efficiency of GM-counters on argon pressure for the 
X-ray wave-lengths K,Fe (1,9 A) was investigated. The results obtained agree 
with a formula deduced for the dependency of the efficiency upon pressure. Small 
discrepancies are due to the increase of dead-time at higher pressures. The investi- 
gated counter attained maximum efficiency (about 50°/,) at the pressure of 41 cm Hg. 
The work of an argon-alcohol GM-counter up to 64 cm Hg pressure was also tested. 


1. Introduction 


The problem of the efficiency of G. M.-counters for soft X-rays 
is interesting from the theoretical as well as from the practical point 
of view. Very often G.M.-counters are used instead of photographic 
films in X-ray structure research. In the region of the wave-lengths 
used (Ke Mo, 0, 7A; K, Cu, 1 „5 A; K, Fe, 1,9 A) the primary ioniza- 
tion necessary 5 start the avalanche in the counter is due to the 
photoelectric effect in the gas inside the counter, e. g. argon or kryp- 
ton. Since there is'a very small chance for an electron to get inside 
the counter by another effect, the phenomenon is well defined and 
it is easy to calculate the Genty as a function of the pressure and 
the geometrical parameters. 

The primary aim of this research was to deduce a formula for 
the efficiency which could be experimentally verified by using the 
accepted views on the mechanism of absorption. The second aim was 
to BRE the best conditions for optimum efficiency. 


2. The mechanism of the work of a counter 


The probability óf photoelectrie absorption of a photon increases 
with the length of its path in a counter. This fact suggests a certain 


construction: the rays have to go parallel to the axis of the counter. e; 


i 1 Presented at a meeting of the 13-th Conference of Polish Physicists, Kra- 
ków, December 8, 1950. 
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This construction is generally used (Blleksma and co-workers (1948), 
Stephenson and Moson (1949), Davey and co-workers (1944), M. Riou 
(1950). 

A different construction, with rays at right angles to the axis, 
is used by Lindemann and Trost (1940). This construction is applied 
mainly to counters for hard X-rays; in that case the primary ioni- 
zation is caused mainly by the photo-effect in the wall of the counter 
(Sullivan (1940), Saurer (1950)). 


centimeter 


0 5 10 15 


Fig. 1. GM-counter for soft X-rays; m dead-length, l active length. 


Fig. 1 shows a counter used in our laboratory *. Not going into 
details of its construction, let us consider only two points common 
to all counters of this type: The rays have to pass (1) a certain dead- 
length m and (2) a certain active length l. 

The probability of a photon passing the dead-length m is e—“4™, 
the probability of absorption of a photon in the active length l is 
1—e-““, where u is the mass coefficient of absorption and d — the 
density of the gas inside the counter. 

Thus, we have the following formula for the efficiency of the 
counter 

W = e-Fdm(] —g—ndl), (1) 


When the counter is filled with a mixture of alcohoł and argon and 
it is used in a region of wave-lengths somewhat below the absorption 
limit of argon, then we can entirely neglect the mawia of the 
aleohol. 
The formula deduced shone is based on the assumption that 
every quantum absorbed in the active length discharges the counter. 
This assumption was verified by measurements of the dependence of | 
the efficiency for y-rays on pressure. Only the effect of the decrease _ 
in efficiency due to increase of the dead-time was found. This effect — 


. for the registered intensity of radiation at about 2000 e l 
is 3°/, for 50 cm Hg. 


2? M. Mięsowiez and co-workers (unpublished). 
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W, equation (1), considered as a function of the pressure has 
a maximum at 


l 
EA o 


where Pmax is expressed in cm Hg and dą, is the density at temper- 
ature of 20°C under normal pressure 3. 


The maximum efficiency is 
m 


tm fo lie) s 


(o) 10 20 50 40 50 60 70 80cm Hg 


Fig. 2. Efficiency versus argon pressure for wawe-length 1,9 A. Curve 1, theoretical, 
_ right-hand scale; curve 2, experimental, left-hand scale. 


Substituting s for T, we may write 


E ETES 
3. Formulas (1) and (2) are given in a very similar form in a paper of Barróre 
(1951), which I received after my own publication had gone to press. This paper 
contains also some of the conclusions deduced by me from formulas (1) and (2). 
= 


Wa EF AE (4) 
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Wmax depends only on the ratio of the dead-length to the active length. 
The pressure pmax is roughly inversely proportional to the coefficient 
of absorption and to the active length l, when J and m do not change 
appreciables. 

In Fig. 2, curve (1) (right-hand scale) illustrates formula (1) 
with m=1,7 cm and /=6 em, as in our counters; density was replaced 
by pressure as more easily measurable. Maximum efficiency appears 
at a pressure of 49cm Hg (of argon), and the efficiency calculated 
is 51 per cent for the given wave lengths Kg Fe, 1,9 A. 

It may be seen from the given example that a high efficiency 
is reached at pressures not generally used in y or ionizing particle 
counters. The question cf the use of such high pressures needs special 
investigation. 


3. The apparatus 


The type of the counters used is seen if Fig. 1. The counter is 
made of brass with walls 1 mm thick and a diameter of 28 mm. The 
wire is of tungsten and has a diameter of 0,1 mm. In the front. wall 
of the counter there is a mica window, 5x3 mm in size, and 28 u 
thick. The mica was fixed to the brass wall with ,,Araldit”. The X-rays 
after passing through two diaphragms run parallel to the wire. 

One such counter was sealed to a portable glass apparatus with 
an argon container connected through a tap with a Hg-manometer, 
80 cm high, so that the pressure in the counter could be increased 
and measured at any time. 

The instrument used for recording the counts was a counting 
rate meter with time constant 12sec and resolving time 3 x10— sec. 
This instrument was so calibrated that for each value of the current 
it was possible to have the number of pulses in unit time. The max- 
imum counting rate recorded was 2000 counts/min. 


As a source of radiation a metallographic X-ray tube with an 


iron anticathode was used. Radiation K, Fe was obtained by filtra- 
tion with iron of a thickness of 50 wu. The voltage of the tube was 
12kV during the measurements. A constant intensity of radiation 
was obtained by (1) checking the voltage with precision instruments, 


(2) checking the heating of the X-ray tube and (3) heating the X-ray 
apparatus for several hours. 


4. The measurements 


The main measurements were used to obtain a curve of. the 


- dependence of the number of counts per minute recorded in a aaa 4 


a a 


(4) The question, however, which may have a certain practical 
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time on the pressure inside the counter (the intensity of radiation 
being constant). The current was read on an integrator. Subsequently 
more argon from a container was let into the counter, up to a certain 


pressure. Statistical fluctuations in intensity of radiation were elimi- 


nated by taking readings every 15 sec during 5 minutes and then 
taking the mean value. The pressure of alcohol was constant (9 mm Hg). 
The results are shown in Fig. 2, curve (2) (left-hand scale). The ordi- 
nate of this curve is so normalized that the maximum of the curve 
is equal to the maximum of the theoretical curve. In the immediately 
following discussion this is shown to be correct. The full pressure 
(together with that of the alcohol) is given on the abscissa axis. 


- . & Discussion 


To explain the small discrepancies between the experimental and 
the theoretical curves, further investigation was carried out on the 
work of the counters at high pressures. 

The relation between the efficiency of a counter for y-rays and 
its pressure was tested. It was found that with an increase in pres- 
sure there was a certain decrease in efficiency. It was also ascertained 
that the percentage decrease in the counting rate at constant inten- 
sity of y-ray radiation is proportional to the increase of the counting 
rate. The decrease in the number of counts for 50cm Hg pressure 
and 2000 counts/min was about 3 per cent. The author explains this 
effect by the increase of the dead-time in the counters at higher pres- 
sures. When a correction is applied to curve (1) a eurve similar to 
curve (2) is obtained. For the time being, the author is unable to 


establish whether other reasons exist for the steeper fall in-the ex- 


perimental curve. | 
6. Conclusions 


From this research the following suggestions may be drawn: 
(1) Formula (1) is correct and gives a good pieture of the- work 
of G.M.-counters for soft X-rays in the neighbourhood of 2A. 
(2) It is not difficult to select a proper pressure for the maximum 
efficiency. 
(3) There are no difficulties in working at high pressures concerning 
the threshold voltage. (For the counter used with 9 mm Hg 


pressure of ethyl alcohol and 400 mm Hg of argon the threshold _ 


of the counter was 1350 V). 


significance is the increase in the dead-time of the counter at 
high pressures. 
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LETTERS TO THE EDITOR 


The Board of Editors does not hold itself responsible for the opinions expressed by 
the correspondents 


Calculation of the 7-meson Mass Based on an Electrodynamical 
Model of the Particle 


BOLESŁAW MAKIEJ 


Physical Institute of the Jagiellonian University, Kraków 
June 16, 1951 


The dispersion formula for electromagnetic waves in plasma is known to 
have the following form 


where u is the phase velocity of an electromagnetic wave with an angular fre- 
quency w, w is the plasma angular frequency 1, and c is the vacuum speed of light. 
On the other hand, an analogous dispersion formula is fulfilled by the de Broglie 
waves of a free particle. Thus the supposition arises that this similarity is not 
a fortuitous one but that there must exist an electrodynamical model of a free 
particle. Indeed, it will be shown here that one can build an electrodynamical 
model of a free non-spinning particle leading to the correct value of the z-meson 
mass in a surprisingly straightforward way. 

This model is based on the following assumptions: (a) The charge and the 
mass of the particle have a certain extension in space, (b) the plasma angular fre- 
quency wo of its space-charge distribution is constant, (c) the electromagnetic po- 


tentials At p, the current density ee and the charge density e satisfy the following 
equations | 


4 m> =>. 
SZEŃ = 1 
oi i + A = grad y, i j (1) 
4r loy SŁ 
l CE (2) 
where y is a scalar function of space-time coordinates and i 
> ; SA 
1 ś 1 19, @ 470? Me 
i i e ur 
with d denoting mass density. To show the analogy of equations (1)—(3), with,- „RE 


the equations of motion of a charge in an electromagnetic field, we consider a small 


1 Bohm D. and Gross E. P., Phys. Rev., 75, 1851 (1949). 


t a 
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volume element dz containing the charge 4e = gdz and the mass 4m =d z. Im 
this case A za) 
Dz 470 e i À 
and equations (1) and (2) become Hamilton-J acobi's equations 
> > 
Amv od = grad S, Ame?-+ dep =— p ; (5) 


where S equals y. It follows that the function y/e may be regarded as an action 


sanpa belonging to unit, of charge. We assume also that the electromagnetic 


field BE, H in the space- -charge medium under consideration fulfils the inho- 
mogeneous Maxwell equations in Vacuum and is connected in the usual way with 


the electromagnetic potentials p and A. It is DOŁ that. 


i 
a 


eA 


se 


ja oddz en ear ee 


ea 


tł 
BF; 


fali ic, 


p3 
+ 


ld 19 waw 

ay tre ZJ w 
+ 4% 109 ES 6», - 

D4=—= aan w AY 


ZE = 
DE i and ọ from (1) and (2) into the equation of continuity 
divi 二 de/dt = 0, we have Ya : z 


and from (1), (2), (6), (7) and (8) we me 


are =H ae Hig. 


div A + RE? = an 


m5) ŻA Aa MARE 
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“symmetry of the particle. We skall try to find a solution of equation (lla) that 
Can be represented in the center-of-mass system as a sum consisting of a time- 
independent part g, and a part Pr satisfying tke eguation 


i OP = kope (13) 
From (lla) we infer that ; 
| Ag, = kógo: (14) 
Comparison of equation (14) with Poisson’s equation 
f ; Apo = — 470 (15) 


shows that the electrostatic potential is proportional to the space-charge density 
generating this potential. The corresponding relation is 


z ki : - 

ez 00 =— a Po: | (16) 
Ę 7 

As our non-spinning particle exhibits spherical symmetry the solution of (14) can. 
_ be written as follows 

3 ŻE 

$ BEI (7) 


_ where r is the distance from the center of the particle, and q the total charge — 


“of the particle, as can be seen by evaluating the integral 


t= foin- des [oie 


taken over the whole space. Substitution of (16) into (3) yields 
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